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Abstract: We construct conformal three-point functions in momentum space with a
general tensor and conserved currents of spin 1 and 2. While conformal correlators in mo-
mentum space have been studied especially in the connection with cosmology, correlators
involving a tensor of general spin and scaling dimension have not been studied very much
yet. Such a direction is unavoidable when we go beyond three-point functions because gen-
eral tensors always appear as an intermediate state. In this paper, as a first step, we solve
the Ward-Takahashi identities for correlators of a general tensor and conserved currents.
In particular we provide their expression in terms of the so-called triple-K integrals and
a differential operator which relates triple-K integrals with different indices. For several
correlators, closed forms without the differential operator are also found.
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1 Introduction
Recent development in higher dimensional conformal field theory (CFT) (see, e,g., [1–4]
for review) has boosted research activities in rather new applications to cosmology [5–
20] and condensed matter physics [21–26]. For example, inflationary correlation functions
are highly constrained by conformal symmetry (realized at the future boundary of de
Sitter space) and their analytic properties in momentum space are crucial to identify the
particle spectrum at the inflationary scale [15, 27–29]. These applications have then pushed
forward studies on CFT in momentum space [13–17, 30–42]. However, its understanding
is still limited compared to the well-developed position space one, hence further studies on
conformal correlators in momentum space are encouraged.
The purpose of this paper is to construct three-point functions of conserved currents
and a general tensor in momentum space. Recent studies on conformal correlators in
momentum space have been triggered by a seminal work [31] by Bzowski et al, which
systematically studied the conformal Ward-Takahasi (WT) identities in momentum space
and constructed three-point functions of conserved currents and scalars. For example,
three-point functions of primary scalars are given up to an overall normalization factor
by [13, 30–33]
〈ϕ1(p1)ϕ2(p2)ϕ3(p3)〉
′ = J0{0,0,0}(p1, p2, p3) , (1.1)
where we introduced 〈 . . . 〉 = (2π)dδd(
∑
ki)〈 . . . 〉
′ and the so-called triple-K integral (a
more precise definition will be given later):
JN{k1,k2,k3}(p1, p2, p3) =
∫ ∞
0
dz
z
z2d−∆t−kt+N
3∏
i=1
(piz)
νi+ki Kνi+ki(piz) . (1.2)
Similarly, three-point functions involving conserved currents of spin 1 and 2 and scalars
can be written in terms of the triple-K integrals JN{k1,k2,k3} with general indices [31].
So far, momentum space correlators involving a tensor of general spin and dimension
have not been studied very much compared to position space ones [43–45]. However, they
are necessary especially when we go beyond three-point functions because general tensors
appear as an intermediate state whatever external operators we consider. In [46] two of
the present authors and a collaborator constructed three-point functions with two scalars
and a general tensor. Using the obtained three-point functions, they further constructed a
crossing symmetric basis (the Polyakov block) of scalar four-point functions with a general
intermediate state, which may be used, e.g., for the Polyakov type bootstrap approach [47–
51] complementary to the ordinary bootstrap approach1. In this paper, along the same
line, we construct three-point functions involving conserved currents and a general tensor,
as a first step toward studies of four-point functions of conserved currents. We provide their
1 Indeed, momentum space was employed in the pioneering work [47] to make analyticity manifest
and utilize dispersion relations to accomplish the bootstrap program in the O(N) model. It was recently
revisited and extended in [48]. We hope that our momentum space approach to conformal correlators is
helpful for proceeding in this direction.
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expression in terms of triple-K integrals and a differential operator which relates triple-
K integrals with different indices. Furthermore, for correlators with no or one conserved
current, we can find closed forms without the differential operator. This is based on the
fact that correlators can be expanded in triple-K integrals and the differential operators
just shift the indices of them.
The rest of the paper is organized as follows. In the next section we summarize the
WT identities in momentum space to clarify our notation. In Sec. 3, to elaborate on our
methodology to solve the WT identities, we review and expand the story for three-point
functions of two scalars and a general tensor [46]. We then generalize it to correlators with
a single conserved current as well as a scalar and a general tensor (Sec. 4) and then to
those with two conserved currents and a general tensor (Sec. 5). Some technical details are
collected in appendices.
2 Ward-Takahashi identities
In this section we clarify our notation by briefly summarizing the conformal Ward-Takahashi
(WT) identities and conservation laws of currents in momentum space.
Notation In this paper we discuss three-point functions with a general spinning operator.
A standard technique to handle symmetric traceless tensors Oµ1µ2...µs is to contract all the
tensor indices with a null vector ǫ called the polarization vector [43, 52]. We also use the
shorthand notation,
ǫs.O = ǫµ1ǫµ2 · · · ǫµsOµ1µ2...µs . (2.1)
For example, we write three-point functions of three symmetric traceless tensors as
〈ǫs11 .O1(p1)ǫ
s2
2 .O2(p2)ǫ
s3
3 .O3(p3)〉
= (2π)dδd(p1 + p2 + p3)〈ǫ
s1
1 .O1(p1)ǫ
s2
2 .O2(p2)ǫ
s3
3 .O3(p3)〉
′ , (2.2)
where the prime on the r.h.s. implies that the delta function factor for momentum con-
servation is dropped. We focus on Euclidean correlators in parity invariant d-dimensional
CFT2. In the following we mostly use the primed correlator. We also use si and ∆i for the
spin and dimension of Oi, respectively.
Conformal WT identities We then summarize the conformal WT identities in mo-
mentum space. First, the dilatation WT identity is given by(
3∑
i=1
pi · ∂i + 2d−∆t
)
〈ǫs11 .O1(p1)ǫ
s2
2 .O2(p2)ǫ
s3
3 .O3(p3)〉
′ = 0 , (2.3)
where we introduced ∆t = ∆1 +∆2 +∆3 and ∂i = ∂/∂pi. On the other hand, the special
conformal WT identity parametrized by a transformation parameter b reads (see, e.g., [31]
for details)
b ·K 〈ǫs11 .O1(p1)ǫ
s2
2 .O2(p2)ǫ
s3
3 .O3(p3)〉
′ = 0 , (2.4)
2 In d = 3 there appears degeneracy in tensor structures, which requires a separate argument (see,
e.g., [31]). We leave the analysis in d = 3 for future work, focusing on d ≥ 4.
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where we introduced the differential operator K by
K =Ks +Kǫ1 +Kǫ2 +Kǫ3 , (2.5)
b ·Ks =
3∑
i=1
[
b · ∂i (−2 (∆i − d+ 1) + 2pi · ∂i)− (b · pi)∂
2
i
]
, (2.6)
b ·Kǫi = 2(ǫi · ∂i)(b · ∂ǫi)− 2(b · ǫi)(∂i · ∂ǫi) . (2.7)
Here the differential operator ∂ǫi = ∂/∂ǫi acts on ǫi as if it were unconstrained. Notice
that Kǫi trivially acts on the correlator when Oi is scalar.
Transverse and trace WT identities On top of general symmetric traceless tensors,
we consider a spin 1 conserved current Jµ and the energy-momentum tensor Tµν . For sim-
plicity, we focus on Abelian symmetries, even though extension to non-Abelian symmetries
is straightforward. In classical theory, they satisfy the transverse WT identities,
pµJ
µ(p) = 0 , pµT
µν(p) = 0 , (2.8)
and the trace WT identity,
Tµ
µ(p) = 0 , (2.9)
up to equations of motion. In quantum theory, these relations are corrected by local terms
in general. However, there are no such corrections for the correlators we consider in this
paper3. Also, the trace WT identity may be modified when there exists a trace anomaly
(see [32, 36, 38] for details). For technical simplicity, we assume that spinning operators
other than the conserved currents in three-point functions have generic scaling dimensions,
so that there appears no anomalous term in our analysis. Under these assumptions, the
transverse and trace WT identities are simply equivalent to the classical ones (2.8)-(2.9).
3 Two scalars and a general tensor
In the following sections we solve the conformal WT identities for correlators involving
conserved currents and a general tensor. To elaborate on our methodology, we first review
and expand the story for three-point functions of two scalars and a general tensor [46].
We then generalize it to correlators involving one conserved current in the next section.
Correlators involving two identical conserved currents will be given in Sec. 5.
3 For example, let us consider three-point functions of one scalar, one conserved current and a general
tensor. The WT identity is then stated as
p2µ〈ϕ(p1)J
µ(p2)ǫ
s
3.O(p3)〉
′ = −q1〈ϕ(p1)ǫ
s
3.O(−p1)〉
′ − q3〈ϕ(p3)ǫ
s
3.O(−p3)〉
′
, (2.10)
where q1 and q3 are the U(1) charges of the operators ϕ and Oµ1µ2...µs . The local terms in the right-
hand side vanish since they are proportional to two-point functions of two different operators. The same
argument applies to the other correlators studied in this paper. Note that we follow the definition of three-
point functions in [53]. On the other hand, if we employ another definition used in [31], there may appear
local terms. See, e.g., Sec. 2.3 of [38] for details of the two different conventions.
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General ansatz Let us consider three-point functions,
〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′ , (3.1)
of two scalars ϕ1, ϕ2 and a spin s symmetric traceless tensor O. Throughout the paper, we
assume that the tensor O has a nonzero spin s 6= 0 and a generic dimension ∆3, and thus
is not conserved. From now on, we write three-point functions as functions of p1 and p2
without explicit dependence on p3. In other words we use p3 = −(p1 + p2) to remove the
p3-dependence. The special conformal WT identity then reads
b ·Ks〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′ = 0 , (3.2)
where notice that Kǫ does not appear since ϕ1, ϕ2 are scalar and there is no explicit
p3-dependence. To solve the WT identities, we employ the following general ansatz
4:
〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′ =
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , (3.3)
where pi = |pi| and we introduced
ξ = ǫ3 · p2 , ζ = ǫ3 · (p1 + p2) . (3.4)
Note also that p3 should be understood as p3 = |p1+p2|. The dilatation WT identity then
implies that the function An(p1, p2, p3) must be homogeneous of degree ∆t − 2d− s,
An(λp1, λp2, λp3) = λ
∆t−2d−sAn(p1, p2, p3) , (3.5)
where ∆t = ∆1 +∆2 +∆3.
3.1 Reformulating WT identities
Our goal is now to determine the function An by solving the WT identity (3.2) with the
ansatz (3.3) and the condition (3.5). Let us first investigate the b-dependence of the left
hand side of the WT identity (3.2). Since it is Lorentz scalar, it is generally of the form,
b ·Ks〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′ = (b · p1)P1 + (b · p2)P2 + (b · ǫ3)R . (3.6)
A concrete form of Pi and R is given shortly. The special conformal WT identity (3.2) is
then equivalent to P1 = P2 = R = 0. Below we rewrite them in terms of the differential
operators with respect to ξ, ζ, p1, p2, p3 utilizing various formulae aboutKs summarized in
Appendix A.
Let us start with the equations, P1 = 0 and P2 = 0. Using the formulae (A.5)-(A.6)
with α = β = 0, we may reduce them into the form,
0 = [K1(ν1)−K3(ν3)− 2p
−2
3 θ3ζ∂ζ ]
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , (3.7)
4 The 1 ↔ 2 exchange symmetry is obscured by the ansatz (3.3) because the correlator is expanded in
ξ = ǫ3 · p2 and ζ = ǫ3 · (p1 + p2). To make it manifest, it is more convenient to employ the expansion in
ǫ3 · (p1 ± p2). See [46] for details. However, it turns out that the ansatz (3.3) is more useful to derive a
closed form such as Eq. (3.19).
– 5 –
0 = [K2(ν2)−K3(ν3)− 2p
−2
3 θ3ζ(∂ξ + ∂ζ)]
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , (3.8)
where we introduced the Euler operator θi = pi∂pi for the momentum pi. The differential
operators Ki(νi) with respect to pi are defined as
Ki(νi) = p
−2
i θi(θi − 2νi) , (3.9)
where νi = ∆i − (d/2). A remark is that the variables p1, p2, p3, ξ, ζ of the differential
operators have to be regarded as independent variables.
On the other hand, we may express the equation R = 0 by using the formula (A.8)
with α = β = 0 as
0 = [θx(θx + Ξ− 1)− x(θx − s)(θx +∆3 − 1)]
s∑
n=0
1
n!
xnAn(p1, p2, p3) , (3.10)
where x = ξ/ζ and θx = x∂x. The differential operator Ξ is defined by
Ξ =
1
2
(
∆1 −∆2 +∆3 − s− θ1 + θ2 −
p21 − p
2
2
p23
θ3
)
. (3.11)
Notice that Ξ commutes with x and θx in particular.
3.2 Solving WT identities
We proceed to solving the WT identities. Below we first use the WT identities (3.7)-(3.8)
to determine As. Using this As as an initial condition for a recursion relation derived from
Eq. (3.10), we provide an expression for the other An.
Initial condition As
In general, the WT identities (3.7)-(3.8) are rather complicated relations among An with
different n. However, their O(ζ0) terms provide differential equations containing As only:
0 = [K1(ν1)−K3(ν3)]As(p1, p2, p3) = [K2(ν2)−K3(ν3)]As(p1, p2, p3) . (3.12)
Together with the dilatation WT identity (3.5), we can solve these equations in terms of
the so-called triple-K integrals as
As = CAJs{0,0,0}(p1, p2, p3) , (3.13)
where CA is an undetermined overall coefficient. We also introduced
5
JN{k1,k2,k3}(p1, p2, p3) =
∫ ∞
0
dz
z
z2d−∆t−kt+N
3∏
i=1
(piz)
νi+ki Kνi+ki(piz) , (3.14)
where Kν(z) is the Bessel function of the second kind and kt = k1 + k2 + k3. See Ap-
pendix B for derivation of (3.13). There we also summarize various properties of the
triple-K integral (3.14).
5 Note that the integral (3.14) is convergent only when |Re ν1| + |Re ν2| + |Re ν3| < s +
d
2
. Otherwise,
there appears a singularity near z = 0 and we need to perform analytic continuation [32, 33], which may
be carried out, e.g., by introducing the Pochhammer contour.
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Recursion relations for An
We would then like to determine the other An. For this purpose, it is convenient to use
the other WT identity (3.10), which provides a recursion relation,
(Ξ + n)An+1 = (−s+ n)(∆3 − 1 + n)An . (3.15)
Here we emphasize that the differential operator Ξ is acting only on An+1, hence we can
express An with a lower n as a derivative of higher An. Indeed, it is easy to find
6
An =
(Ξ + n)s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
As = CA
(Ξ + n)s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
Js{0,0,0} , (3.17)
where (x)n = x(x+1) · · · (x+n− 1) is the shifted factorial (also dubbed the Pochhammer
symbol). Even though this already provides a compact expression, it is useful to explore an
expression without differential operators. As given in Eq. (B.17), the differential operator
Ξ relates triple-K integrals with different indices. Together with (B.15), we can always
expand An by triple-K integrals with a fixed k3 index as
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2{k1,k2,n−s} . (3.18)
The coefficients an{k1,k2} can then be determined algebraically by using Eq. (B.17). The
result is that the matrix components with k1 > 0 are all zero and the non-zero components
are given by7
as−n{0,k} = CA
2n−k(1− s−∆1+∆2+∆32 )n−k(1 +
d−s−∆t
2 )n−k
k!(n − k)!(2−∆3 − s)n−k
(0 ≤ k ≤ n) . (3.19)
Residual WT identities
So far, we have not checked yet if the full three-point function with (3.17) satisfies the WT
identities (3.7)-(3.8) (only a part of which was used to determine As). From the position
space results, we know that there is only one free parameter CA, hence Eq. (3.17) should
be consistent with all the WT identities. To conclude this section, we explicitly show that
it is indeed the case.
First, the WT identities (3.7)-(3.8) can be expressed in terms of An as
[K1(ν1)−K3(ν3)]An = 2(s− n)p
−2
3 θ3An , (3.20)
[K2(ν2)−K3(ν3)]An = 2(s− n)p
−2
3 θ3An + 2p
−2
3 θ3An+1 . (3.21)
6Eq. (3.10) is nothing but the hypergeometric differential equation, hence its solution is given by
s∑
n=0
1
n!
x
n
An(p1, p2, p3) ∝ 2F1 (−s,∆3 − 1; Ξ;x) , (3.16)
where we chose a polynomial solution in x. The proportionality constant is fixed by As = CAJs(0,0,0).
7 In Appendix C we provide an alternative derivation of the coefficients (3.19), which is useful when
working on correlators with at most two spinning operators. However, it turns out to be not straightforward
to apply it to correlators of three spinning operators. On the other hand, the algebraic calculation presented
in this section provides a general framework applicable to any correlator.
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As we mentioned earlier, An can be expanded by triple-K integrals as Eq. (3.18). From
the formulae (B.12)-(B.13), we find that the differential operators in Eqs. (3.20)-(3.21) act
on each triple-K integral as
[K1(ν1)−K3(ν3)] JN{k1,k2,k3} = −2k1JN+1{k1−1,k2,k3} + 2k3JN+1{k1,k2,k3−1} , (3.22)
p−23 θ3JN{k1,k2,k3} = −JN+1{k1,k2,k3−1} . (3.23)
Then, we may translate the WT identities (3.20)-(3.21) into algebraic relations among the
coefficients an{k1,k2} as
k1an{k1,k2} = 0 , k2an{k1,k2} = an+1{k1,k2−1} , (3.24)
which are indeed satisfied by our solution Eq. (3.19). The closed form (3.18)-(3.19) without
differential operators and the explicit check of the full WT identities are new results of the
present paper.
Summary of the section In this way, the WT identities can be reformulated into several
sets of differential equations. In the present case, some of them are used to derive recursion
relations for functional coefficients in the decomposition (3.3), while the others provided
their initial conditions. This step specifies three-point functions up to a free parameter
in terms of triple-K integrals and a differential operator relating triple-K integrals with
different indices. We can also expand it by triple-K integrals without using differential
operators, whose coefficients can be calculated algebraically. This expression translates
the WT identities into algebraic relations among these coefficients. While we succeeded
in providing a closed form (3.19) of the coefficients in this section, it is not easy for more
complicated correlators such as the ones discussed in Sec. 5 to derive a closed form for
general spin s of the tensor. However, our algebraic approach is still tractable enough for
concrete problems for a given spin s, e.g., with the help of computer software.
4 One scalar, one conserved current and a general tensor
We extend the argument in the previous section to solve the conformal WT identities for
correlators with a scalar, a conserved current, and a general tensor.
4.1 Spin 1 conserved current Jµ
Let us begin by three-point functions of a scalar ϕ, a spin 1 conserved current Jµ, and a
spin s symmetric traceless operator O:
〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ , (4.1)
where the helicity vector ǫ3 is null to respect the tracelessness of O. Before solving the
conformal WT identities, it is convenient to impose the conservation law ∂µJ
µ = 0 first,
which is achieved by parameterizing three-point functions as
〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ = (ǫ2 · π2 · p1)A+ (ǫ2 · π2 · ǫ3)B . (4.2)
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Here we introduced the transverse projector,
(πi)µν = δµν −
(pi)µ(pi)ν
p2i
, (4.3)
and ǫ2 · π2 · p1 = (ǫ2)
µ(π2)µν(p1)
ν for example. We further expand A and B as
A =
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , B =
s−1∑
n=0
1
n!
ξnζs−1−nBn(p1, p2, p3) , (4.4)
where An and Bn are scalar functions of pi, and ξ = ǫ3 ·p2 and ζ = ǫ3 · (p1+p2) as before.
4.1.1 Reformulating WT identities
Just as we did in the previous section, we reformulate the conformal WT identities into
differential equations for An and Bn. First, the dilatation WT identity simply gives the
homogeneity conditions on An and Bn as
An(λp1, λp2, λp3) = λ
∆t−2d−s−1An(p1, p2, p3) , (4.5)
Bn(λp1, λp2, λp3) = λ
∆t−2d−s+1Bn(p1, p2, p3) . (4.6)
We next consider the special conformal WT identities:
0 = (b ·Ks + b ·Kǫ2)〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ . (4.7)
In the previous section we split the WT identities for the two scalar case into three differ-
ential equations based on how the transformation parameter b is contracted. See Eq. (3.6).
In the present case we find seven equations as below.
Let us first summarize how the differential operator Ks acts on A and B. Similarly
to the calculation in the previous section, we find
(b ·Ks)A = (b · p1)P
(−1,0)
1 A+ (b · p2)P
(−1,0)
2 A+ (b · ǫ3)R
(−1,0)A , (4.8)
(b ·Ks)B = (b · p1)P
(1,1)
1 B + (b · p2)P
(1,1)
2 B + (b · ǫ3)R
(1,1)B , (4.9)
where P
(α,β)
1 , P
(α,β)
2 , and R
(α,β) are differential operators defined by Eqs. (A.5), (A.6),
and (A.8). In this language, we obtain four differential equations from the four terms
proportional to b · pi (i = 1, 2) as
(ǫ2 · π2 · p1)(b · p1) : 0 =
(
P
(−1,0)
1 + 2p
−2
3 θ3
)
A , (4.10)
(ǫ2 · π2 · p1)(b · p2) : 0 =
(
P
(−1,0)
2 + 2p
−2
3 θ3
)
A . (4.11)
(ǫ2 · π2 · ǫ3)(b · p1) : 0 = P
(1,1)
1 B + 2∂ξA , (4.12)
(ǫ2 · π2 · ǫ3)(b · p2) : 0 = P
(1,1)
2 B . (4.13)
There are also two terms proportional to b · ǫ3, which lead to
(ǫ2 · π2 · ǫ3)(b · ǫ3) : 0 =
(
R(1,1) + 2∂ξ + 2∂ζ
)
B , (4.14)
(ǫ2 · π2 · p1)(b · ǫ3) : 0 =
(
R(−1,0) + 2∂ζ
)
A+ 2p−23 θ3B . (4.15)
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Finally, the term proportional to ǫ2 · π2 · b gives
(ǫ2 · π2 · b) : 0 =
[
−(∆1 − d) + (ξ − ζ)∂ξ + θ1 +
p1 · p2
p22
(d− 2− θ2)
]
A
+
[
ξ
p22
(d− 2− θ2)−
ζ
p23
θ3
]
B . (4.16)
For later convenience, we classify these identities into the following two: First, we call the
identities (4.10)-(4.15) associated with b · p1, b · p2, and b · ǫ3 the primary WT identi-
ties, following the terminology of [31]. They are used to determine a functional form of
correlators up to several free parameters. On the other hand, we call the identity (4.16)
associated with ǫ2 · π2 · b the secondary WT identity, which provides a constraint on the
free parameters.
4.1.2 Solving WT identities
We now proceed to solving the seven differential equations (4.10)-(4.16). Our strategy for
this problem is the following: We start with the primary WT identities. As in the two
scalar case, we use the first four equations (4.10)-(4.13) to determine As and Bs−1. We
then use Eqs. (4.14)-(4.15) to find recursion relations for An and Bn, which specify the
form of An and Bn up to two free parameters. Finally, we use the secondary WT identity
to provide a relation between the two. Afterwards, we are left with a single free parameter,
which is consistent with the position space result [43].
Initial conditions from primary WT identities
Let us first use the O(ζ0) terms of Eqs. (4.10)-(4.13),
0 = [K1(ν1)−K3(ν3)]As , (4.17)
0 = [K2(ν2)−K3(ν3)]As , (4.18)
0 = [K1(ν1)−K3(ν3)]Bs−1 + 2As , (4.19)
0 = [K2(ν2)−K3(ν3)]Bs−1 , (4.20)
to determine the initial conditions, As and Bs−1. Under the homogeneity condition (4.5),
we solve Eqs. (4.17)-(4.18) in terms of the triple-K integral as
As = CAJs+1{0,0,0}(p1, p2, p3) , (4.21)
where CA is a free parameter. Next, we solve the other two equations. To find a particular
solution for Eqs. (4.19)-(4.20), it is convenient to employ the ansatz,
Bs−1 = bJs−1+kt{k1,k2,k3} (4.22)
with a constant b, where kt = k1 + k2 + k3. Note that it satisfies the homogeneity condi-
tion (4.6). Using Eq. (B.13), we may reduce Eqs. (4.19)-(4.20) to the form,
0 = −2bk1Js+kt{k1−1,k2,k3} + 2bk3Js+kt{k1,k2,k3−1} + 2CAJs+1{0,0,0} , (4.23)
0 = −2bk2Js+kt{k1,k2−1,k3} + 2bk3Js+kt{k1,k2,k3−1} , (4.24)
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which can be solved, e.g., by (b, k1, k2, k3) = (CA, 1, 0, 0). Adding the homogeneous solution
Js−1{0,0,0}, we find the general solution,
Bs−1 = CAJs{1,0,0} + CBJs−1{0,0,0} , (4.25)
with a free parameter CB.
Recursion relations from primary WT identities
Next, Eqs. (4.14)-(4.15) can be thought of as recursion relations for An and Bn:
0 =
(
Ξ +
3
2
+ n
)
Bn+1 − (−s+ 1 + n)(∆3 + n)Bn , (4.26)
0 =
(
Ξ−
1
2
+ n
)
An+1 − (−s+ n)(∆3 − 1 + n)An + p
−2
3 θ3Bn . (4.27)
The first equation has the same form as (3.15), hence its solution is
Bn =
(Ξ + n+ 32 )s−1−n
(−s+ 1 + n)s−1−n(∆3 + n)s−1−n
Bs−1
=
(Ξ + n+ 32 )s−1−n
(−s+ 1 + n)s−1−n(∆3 + n)s−1−n
(
CAJs{1,0,0} + CBJs−1{0,0,0}
)
. (4.28)
Similarly, the solution for Eq. (4.27) is given by
An =
(Ξ + n− 12 )s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
CAJs+1{0,0,0}
+
s−1−n∑
t=0
(Ξ + n− 12)t
(−s+ n)t+1(∆3 − 1 + n)t+1
p−23 θ3Bn+t . (4.29)
A closed form without differential operators
Just as the two scalar case, it may be convenient to find expressions without the differential
operators. Combining Eq. (B.17) with Eq. (B.15), we can expand An and Bn in triple-K
integrals with a fixed k3 index as
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2+1{k1,k2,n−s} , (4.30)
Bn =
∑
k1,k2≥0
bn{k1,k2}Jn+k1+k2{k1,k2,n−s+1} . (4.31)
Using Eq. (B.17), we can compute the coefficients an{k1,k2}, bn{k1,k2} algebraically. The
result is summarized as follows: The coefficients an{k1,k2} with k1 > 0 and bn{k1,k2} with
k1 > 1 all vanish, and the non-zero coefficients are given by
as−n{0,k} = bs−1−n{1,k} , (4.32)
bs−1−n{0,k} = CB
2n−k(12 +
∆1−∆2−∆3−s
2 )n−k(
3
2 +
d−s−∆t
2 )n−k
k!(n − k)!(2−∆3 − s)n−k
, (4.33)
bs−1−n{1,k} = CA
2n−k(32 +
∆1−∆2−∆3−s
2 )n−k(
1
2 +
d−s−∆t
2 )n−k
k!(n− k)!(2−∆3−s)n−k
− CB
2n−k−1(32 +
∆1−∆2−∆3−s
2 )n−k−1(
3
2 +
d−s−∆t
2 )n−k−1
k!(n − k − 1)!(2−∆3−s)n−k
, (4.34)
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where 0 ≤ k ≤ n (the second line of Eq. (4.34) is interpreted as zero for n = k). These
coefficients satisfy the identities (4.10)-(4.13) out of the primary WT identities as they
satisfy the relations (C.8)-(C.9) that are equivalent to the four identities.
Secondary WT identity
We have determined three-point functions 〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ up to the two free
parameters CA and CB . Finally, we solve Eq. (4.16) and reduce the number of parameters
to one. We again focus on its O(ζ0) terms. By taking the zero-momentum limit, p3 → 0,
triple-K integrals reduce to monomials of p = p1 = p2 and thus Eq. (4.16) is simplified as
0 = CA
[
− js+2{0,0,0} − js+2{0,−1,0} + (−∆1 + s+ 2)js+1{0,0,0}
+ s(d− 2)js{1,0,0} + sjs+1{1,−1,0}
]
+ sCB
[
(d− 2)js−1{0,0,0} + js{0,−1,0}
]
, (4.35)
where jN{k1,k2,k3} is a numerical number given in Eq. (B.18). The general solution is
somewhat complicated, so that we provide two illustrative examples. For example, for a
scalar with ∆1 = 4, d = 5 dual to a 6D bulk scalar with a conformal mass and a spinning
operator with s = 2,∆3 =
11
2 , we have
CB = −
3245
656
CA . (4.36)
Also, for a scalar with ∆1 = 5, d = 5 dual to a 6D massless bulk scalar and a spinning
operator with s = 2,∆3 =
11
2 , we find
CB = −
1073
656
CA . (4.37)
4.2 Energy-momentum tensor Tµν
We next consider three-point functions of a scalar φ, the energy-momentum tensor T µν ,
and a general tensor:
〈ϕ(p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′ . (4.38)
The conservation law ∂µT
µν = 0 and the traceless condition T µµ = 0 result in the ansatz,
〈ϕ(p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′ = (ǫ22 ·Π2 · p
2
1)A+ (ǫ
2
2 ·Π2 · p1ǫ3)B + (ǫ
2
2 ·Π2 · ǫ
2
3)C , (4.39)
where we introduced the transverse-traceless projector,
(Πi)µνρσ =
1
2
{(πi)µρ(πi)νσ + (πi)µσ(πi)νρ} −
1
d− 1
(πi)µν(π)iρσ , (4.40)
with πi being the transverse projector defined in Eq. (4.3). Here we used a shorthand
notation, e.g., ǫ22 ·Π2 · p1ǫ3 = (ǫ2)
µ(ǫ2)
ν(Π2)µναβ(ǫ3)
α(p1)
β , for the tensorial contraction
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of the transverse-traceless projector. Note that since the last term in Eq. (4.39) requires
two or more ǫ3, we have C = 0 for s = 1. We also parameterize A, B, and C as
A =
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , (4.41)
B =
s−1∑
n=0
1
n!
ξnζs−1−nBn(p1, p2, p3) , (4.42)
C =
s−2∑
n=0
1
n!
ξnζs−2−nCn(p1, p2, p3) . (4.43)
4.2.1 Conformal WT identities
The homogeneity conditions following from the dilatation WT identity are
An(λp1, λp2, λp3) = λ
∆t−2d−s−2An(p1, p2, p3) , (4.44)
Bn(λp1, λp2, λp3) = λ
∆t−2d−sBn(p1, p2, p3) , (4.45)
Cn(λp1, λp2, λp3) = λ
∆t−2d−s+2Cn(p1, p2, p3) . (4.46)
On the other hand, the special conformal WT identity reads
0 = (b ·Ks + b ·Kǫ2)〈ϕ(p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′ . (4.47)
Just as we did in the previous subsection, we split (4.47) into a set of differential equations
just as before using the formula (A.13) and the identities,
(b ·Ks)A = (b · p1)P
(−2,0)
1 A+ (b · p2)P
(−2,0)
2 A+ (b · ǫ3)R
(−2,0)A , (4.48)
(b ·Ks)B = (b · p1)P
(0,1)
1 B + (b · p2)P
(0,1)
2 B + (b · ǫ3)R
(0,1)B , (4.49)
(b ·Ks)C = (b · p1)P
(2,2)
1 C + (b · p2)P
(2,2)
2 C + (b · ǫ3)R
(2,2)C . (4.50)
See Eqs. (A.5),(A.6), and (A.8) for the definitions of the differential operators P1,2 and R.
After straightforward but tedious algebraic calculations, we obtain the following results.
Primary WT identities First, the primary WT identities are 6 identities associated
with b · p1 or b · p2,
(ǫ22 ·Π2 · p
2
1)(b · p1) : 0 =
(
P
(−2,0)
1 + 4p
−2
3 θ3
)
A , (4.51)
(ǫ22 ·Π2 · p
2
1)(b · p2) : 0 =
(
P
(−2,0)
2 + 4p
−2
3 θ3
)
A , (4.52)
(ǫ22 ·Π2 · p1ǫ3)(b · p1) : 0 =
(
P
(0,1)
1 + 2p
−2
3 θ3
)
B + 4∂ξA , (4.53)
(ǫ22 ·Π2 · p1ǫ3)(b · p2) : 0 =
(
P
(0,1)
2 + 2p
−2
3 θ3
)
B , (4.54)
(ǫ22 ·Π2 · ǫ
2
3)(b · p1) : 0 = P
(2,2)
1 C + 2∂ξB , (4.55)
(ǫ22 ·Π2 · ǫ
2
3)(b · p2) : 0 = P
(2,2)
2 C , (4.56)
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and 3 identities associated with b · ǫ3,
(ǫ22 ·Π2 · p
2
1)(b · ǫ3) : 0 =
(
R(−2,0) + 4∂ζ
)
A+ 2p−23 θ3B , (4.57)
(ǫ22 ·Π2 · p1ǫ3)(b · ǫ3) : 0 =
(
R(0,1) + 2∂ξ + 4∂ζ
)
B + 4p−23 θ3C , (4.58)
(ǫ22 ·Π2 · ǫ
2
3)(b · ǫ3) : 0 =
(
R(2,2) + 4∂ξ + 4∂ζ
)
C . (4.59)
Secondary WT identities On the other hand, the secondary WT identities associated
with b · ǫ2 are the following two:
(ǫ22 ·Π2 · b ǫ3) : 0 =
[
θ1 + (ξ − ζ)∂ξ +
p1 · p2
p22
(d− θ2) + d−∆1
]
B
+ 2
[
ξ
p22
(d− θ2)−
ζ
p23
θ3
]
C , (4.60)
(ǫ22 ·Π2 · b p1) : 0 =
[
θ1 + (ξ − ζ)∂ξ +
p1 · p2
p22
(d− θ2) + d−∆1 + 1
]
A
+
[
ξ
p22
(d− θ2)−
ζ
p23
θ3
]
B . (4.61)
4.2.2 Solving the WT identities
We now solve the reformulated WT identities. We start with the primary WT identities to
specify a form of An, Bn, and Cn with three free parameters. Similarly to the previous case,
we use the first six primary WT identities (4.51)-(4.56) to determine the initial conditions.
We then solve the recursion relations following from the other three (4.57)-(4.59) to obtain
all An, Bn, and Cn. Finally, we use the secondary WT identities to derive two constraints
on the three free parameters, leaving a single free parameter.
Initial conditions from primary WT identities
The O(ζ0) terms of Eqs. (4.51)-(4.56) provide differential equations for As, Bs−1, and Cs−2:
0 = [K1(ν1)−K3(ν3)]As , (4.62)
0 = [K2(ν2)−K3(ν3)]As , (4.63)
0 = [K1(ν1)−K3(ν3)]Bs−1 + 4As , (4.64)
0 = [K2(ν2)−K3(ν3)]Bs−1 , (4.65)
0 = [K1(ν1)−K3(ν3)]Cs−2 + 2Bs−1 , (4.66)
0 = [K2(ν2)−K3(ν3)]Cs−2 . (4.67)
Following the same strategy as the previous subsection, their general solutions consistent
with the homogeneity conditions (4.44)-(4.46) are given in terms of triple-K integrals as
As = CAJs+2{0,0,0} , (4.68)
Bs−1 = 2CAJs+1{1,0,0} + CBJs{0,0,0} , (4.69)
Cs−2 = CAJs{2,0,0} + CBJs−1{1,0,0} + CCJs−2{0,0,0} , (4.70)
up to three free parameters CA, CB , and CC .
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Recursion relations from primary WT identities
To determine the other An, Bn, and Cn, we make use of recursion relations obtained from
the identities (4.57)-(4.59):
0 = (Ξ− 1 + n)An+1 − (−s+ n)(∆3 − 1 + n)An + p
−2
3 θ3Bn . (4.71)
0 = (Ξ + 1 + n)Bn+1 − (−s+ 1 + n)(∆3 + n)Bn + 2p
−2
3 θ3Cn , (4.72)
0 = (Ξ + 3 + n)Cn+1 − (−s+ 2 + n)(∆3 + 1 + n)Cn . (4.73)
Their solutions are
An =
(Ξ + n− 1)s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
As
+
s−1−n∑
t=0
(Ξ + n− 1)t
(−s+ n)t+1(∆3 − 1 + n)t+1
p−23 θ3Bn+t , (4.74)
Bn =
(Ξ + n+ 1)s−1−n
(−s+ 1 + n)s−1−n(∆3 + n)s−1−n
Bs−1
+ 2
s−2−n∑
t=0
(Ξ + n+ 1)t
(−s+ 1 + n)t+1(∆3 + n)t+1
p−23 θ3Cn+t , (4.75)
Cn =
(Ξ + n+ 3)s−2−n
(−s+ 2 + n)s−2−n(∆3 + 1 + n)s−2−n
Cs−2 . (4.76)
A closed form without differential operators
Just as the two scalar case, it may be convenient to find expressions without the differential
operators. Combining Eq. (B.17) with Eq. (B.15), we can expand An, Bn, Cn in triple-K
integrals with a fixed k3 index as
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2+2{k1,k2,n−s} , (4.77)
Bn =
∑
k1,k2≥0
bn{k1,k2}Jn+k1+k2+1{k1,k2,n−s+1} , (4.78)
Cn =
∑
k1,k2≥0
cn{k1,k2}Jn+k1+k2{k1,k2,n−s+2} . (4.79)
Using Eq. (B.17), we can compute the coefficients an{k1,k2}, bn{k1,k2}, cn{k1,k2} algebraically.
The result is summarized as follows: The coefficients an{k1,k2} with k1 > 0, bn{k1,k2} with
k1 > 1, and cn{k1,k2} with k1 > 2 all vanish. Nonzero components of an and bn are given
in terms of cn as
as−n{0,k} = cs−2−n{2,k} , bs−1−n{0,k} = cs−2−n{1,k} , bs−1−n{1,k} = 2cs−2−n{2,k} . (4.80)
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Finally, nonzero components of cn are
8
cs−2−n{0,k} = CC
2n−k(∆1−∆2−∆3−s2 )n−k(2 +
d−s−∆t
2 )n−k
k!(n − k)!(2−∆3−s)n−k
, (4.81)
cs−2−n{1,k} = CB
2n−k(1 + ∆1−∆2−∆3−s2 )n−k(1 +
d−s−∆t
2 )n−k
k!(n − k)!(2−∆3−s)n−k
− CC
2n−k(1 + ∆1−∆2−∆3−s2 )n−k−1(2 +
d−s−∆t
2 )n−k−1
k!(n − k − 1)!(2−∆3−s)n−k
, (4.82)
cs−2−n{2,k} = CA
2n−k(2 + ∆1−∆2−∆3−s2 )n−k(
d−s−∆t
2 )n−k
k!(n − k)!(2−∆3−s)n−k
− CB
2n−k−1(2 + ∆1−∆2−∆3−s2 )n−k−1(1 +
d−s−∆t
2 )n−k−1
k!(n − k − 1)!(2−∆3−s)n−k
+ CC
2n−k−2(2 + ∆1−∆2−∆3−s2 )n−k−2(2 +
d−s−∆t
2 )n−k−2
k!(n− k − 2)!(2−∆3−s)n−k
, (4.83)
where 0 ≤ k ≤ n. These coefficients satisfy the identities (4.62)-(4.67) out of the primary
WT identities as they satisfy the relations among the coefficients (C.16)-(C.18) that are
equivalent to the six identities.
Secondary WT identities
Finally, we use the secondary WT identities (4.60) and (4.61) to provide constraints on CA,
CB , and CC . In the zero momentum limit p3 → 0, these two equations are reduced to
0 = 2CA
[
− js+2,{0,0,0} − js+2{0,−1,0} + (s−∆1 − 1)js+1{1,0,0}
+ (s− 1)
(
d js{2,0,0} + js−1{2,−1,0}
)]
+ CB
[
− js+1,{−1,0,0} − js+1{0,−1,0} + (s−∆1 − 1)js{0,0,0}
+ 2(s− 1)
(
d js−1{1,0,0} + js{1,−1,0}
)]
+ (s− 1)CC
[
d js−2{0,0,2} + js−1{0,−1,2}
]
(4.84)
and
0 = 2CA
[
− js+1,{−1,0,0} − js+1{0,−1,0} + (s−∆1 + 1)js+2{0,0,0}
+ d js+1{1,0,0} + js+2{1,−1,0}
]
+ CB
[
d js{0,0,0} + js+1{0,−1,0}
]
. (4.85)
For example, for a scalar operator dual to a 6-dimensional massless scalar field ∆1 = 5 and
a spinning operator s = 2,∆3 =
11
2 ,
CB = −
27707
4016
CA , CC = −
29585757
76657408
CA . (4.86)
8Note that the second terms of Eqs. (4.82)-(4.83) are interpreted as zero for k = n. Similarly, the third
term of Eq. (4.83) is zero for k = n, n− 1.
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Also for a scalar operator dual to a 6-dimesional scalar field with conformal mass ∆1 = 4
and a spinning operator with s = 2,∆3 =
11
2 ,
CB = −
2757
1424
CA , CC = −
2053563
113920
CA . (4.87)
We are now left with a single free parameter for s ≥ 2, which agrees with the position space
result. Note that for s = 1 we have an additional constraint CC = 0 as we mentioned, hence
three-point functions vanish.
5 Extension to correlators with two conserved currents
In this section we work on correlators with two conserved currents and a general tensor.
Since there appear three polarization vectors, the special conformal WT identities become
somewhat complicated compared to the previous section. However, we demonstrate that
the strategy employed there can be carried over to the present problem without any ob-
struction: First, we use the initial conditions and recursion relations following from the
primary WT identities to determine correlators up to several free parameters. We then
impose constraints on these parameters obtained from the secondary WT identities. For
illustration, we focus on three-point functions,
〈ǫ1.J(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ , (5.1)
of two identical spin 1 conserved currents and a general tensor in this section. An extension
to the energy-momentum tensor is given in Appendix D.
5.1 General ansatz
Following the strategy used in the single conserved current case, let us first provide the
following general ansatz9:
〈ǫ1.J(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ = (ǫ1 · π1 · p2)(ǫ2 · π2 · p1)A
+ (ǫ1 · π1 · p2)(ǫ2 · π2 · ǫ3)B + (ǫ1 · π1 · ǫ3)(ǫ2 · π2 · p1)C
+ (ǫ1 · π1 · ǫ3)(ǫ2 · π2 · ǫ3)D + (ǫ1 · π1 · π2 · ǫ2)E , (5.2)
where πi is the transverse projector (4.3) for pi, and ǫ1 ·π1 ·π2 ·ǫ2 = (ǫ1)
µ(π1)µν(π2)
νρ(ǫ2)ρ.
Also we used the conservation law ∂µJ
µ = 0, which requires that ǫ1,2 have to be contracted
with the projector π1,2. We then expand each term as
A =
s∑
n=0
1
n!
ξnζs−nAn(p1, p2, p3) , (5.3)
B =
s−1∑
n=0
1
n!
ξnζs−1−nBn(p1, p2, p3) , (5.4)
9 Note that we have D = 0 for s = 1 since the D term requires two or more ǫ3. It, however, does not
affect our argument very much because three-point functions vanish for odd spin s as we explain shortly.
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C =
s−1∑
n=0
1
n!
ξnζs−1−nCn(p1, p2, p3) , (5.5)
D =
s−2∑
n=0
1
n!
ξnζs−2−nDn(p1, p2, p3) , (5.6)
E =
s∑
n=0
1
n!
ξnζs−nEn(p1, p2, p3) . (5.7)
Since we are considering two identical conserved currents Jµ, three-point functions are
symmetric under the 1 ↔ 2 exchange: A, B + C, D, and E carry an even parity under
the exchange, whereas B − C has an odd parity. In particular, it requires the following
relations among the initial conditions,
As(p1, p2, p3) = (−1)
sAs(p2, p1, p3) , (5.8)
Bs−1(p1, p2, p3) = (−1)
s−1Cs−1(p2, p1, p3) , (5.9)
Ds−2(p1, p2, p3) = (−1)
s−2Ds−2(p2, p1, p3) , (5.10)
Es(p1, p2, p3) = (−1)
sEs(p2, p1, p3) . (5.11)
Similar relations hold for other terms in the expansion (5.3)-(5.7).
5.2 Reformulating WT identities
We next reformulate the conformal WT identities. In terms of Eqs. (5.3)-(5.7), the dilata-
tion WT identity yields the following homogeneity conditions:
An(λp1, λp2, λp3) = λ
∆t−2d−s−2An(p1, p2, p3) , (5.12)
Bn(λp1, λp2, λp3) = λ
∆t−2d−sBn(p1, p2, p3) , (5.13)
Cn(λp1, λp2, λp3) = λ
∆t−2d−sCn(p1, p2, p3) , (5.14)
Dn(λp1, λp2, λp3) = λ
∆t−2d−s+2Dn(p1, p2, p3) , (5.15)
En(λp1, λp2, λp3) = λ
∆t−2d−sEn(p1, p2, p3) . (5.16)
On the other hand, to rewrite the special conformal WT identity,
0 = (b ·Ks + b ·Kǫ1 + b ·Kǫ2)〈ǫ1.J(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′ , (5.17)
it is convenient to note
(b ·Ks)A = (b · p1)P
(−2,0)
1 A+ (b · p2)P
(−2,0)
2 A+ (b · ǫ3)R
(−2,0)A , (5.18)
(b ·Ks)B = (b · p1)P
(0,1)
1 B + (b · p2)P
(0,1)
2 B + (b · ǫ3)R
(0,1)B , (5.19)
(b ·Ks)C = (b · p1)P
(0,1)
1 C + (b · p2)P
(0,1)
2 C + (b · ǫ3)R
(0,1)C , (5.20)
(b ·Ks)D = (b · p1)P
(2,2)
1 D + (b · p2)P
(2,2)
2 D + (b · ǫ3)R
(2,2)D , (5.21)
(b ·Ks)E = (b · p1)P
(0,0)
1 E + (b · p2)P
(0,0)
2 E + (b · ǫ3)R
(0,0)E . (5.22)
Using these formulae and Eq. (A.12), after a straightforward but lengthy calculation, we
arrive at the following primary and secondary WT identities.
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Primary WT identities
First, the primary WT identities consist of 15 equations, 10 of which are associated with
b · pi (i = 1, 2) of the form,
0 =
(
P
(−2,0)
1 + 4p
−2
3 θ3
)
A , (5.23)
0 =
(
P
(−2,0)
2 + 4p
−2
3 θ3
)
A , (5.24)
0 =
(
P
(0,1)
1 + 2p
−2
3 θ3
)
B + 2∂ξA , (5.25)
0 =
(
P
(0,1)
2 + 2p
−2
3 θ3
)
B , (5.26)
0 =
(
P
(0,1)
1 + 2p
−2
3 θ3
)
C , (5.27)
0 =
(
P
(0,1)
2 + 2p
−2
3 θ3
)
C − 2∂ξA , (5.28)
0 = P
(2,2)
1 D + 2∂ξC , (5.29)
0 = P
(2,2)
2 D − 2∂ξB , (5.30)
0 = P
(0,0)
1 E + 2A , (5.31)
0 = P
(0,0)
2 E + 2A . (5.32)
We will use them to determine the initial conditions As, Bs−1, Cs−1, Ds−2, and Es. The
other 5 are associated to b · ǫ3 and given by
0 =
(
R(−2,0) + 2∂ξ + 4∂ζ
)
A+ 2p−23 θ3(B + C) , (5.33)
0 =
(
R(0,1) + 4∂ξ + 4∂ζ
)
B + 2p−23 θ3D , (5.34)
0 =
(
R(0,1) + 4∂ζ
)
C + 2p−23 θ3D , (5.35)
0 =
(
R(2,2) + 2∂ξ + 4∂ζ
)
D , (5.36)
0 = R(0,0)E + 2(B + C) , (5.37)
which provide recursion relations among An, ..., En. These primary WT identities fix the
functional form of three-point functions up to five free parameters.
Secondary WT identities
On the other hand, the secondary WT identities consist of 4 equations associated with
b ·πi· ǫi (i = 1, 2) of the form,
0 =
[
θ2 + ξ∂ξ + d−∆2 +
p1 · p2
p21
(d− 2− θ1)
]
A
+
[
ζ − ξ
p21
(d− 2− θ1)−
ζ
p23
θ3
]
C +
1
p21
(d− 2− θ1)E , (5.38)
0 =
[
θ1 + (ξ − ζ)∂ξ + d−∆1 +
p1 · p2
p22
(d− 2− θ2)
]
A
+
[
ξ
p22
(d− 2− θ2)−
ζ
p23
θ3
]
B +
1
p22
(d− 2− θ2)E , (5.39)
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0 =
[
θ2 + ξ∂ξ + d−∆2 +
p1 · p2
p21
(d− 2− θ1)
]
B − C
+
[
ζ − ξ
p21
(d− 2− θ1)−
ζ
p23
θ3
]
D + ∂ξE , (5.40)
0 =
[
θ1 + (ξ − ζ)∂ξ + d−∆1 +
p1 · p2
p22
(d− 2− θ2)
]
C −B
+
[
ξ
p22
(d− 2− θ2)−
ζ
p23
θ3
]
D − ∂ξE . (5.41)
Note that symmetry under the exchange 1 ↔ 2 implies that the first two equations are
equivalent, and the third and the fourth also. We therefore have only two independent
equations to be considered once the exchange symmetry is taken into account.
5.3 Solving WT identities
We proceed to solving the reformulated WT identities. Just as in the single conserved cur-
rent case, we use the primary WT identities to determine the form of three-point functions
up to several free parameters and then use the secondary to provide constraints on them.
Initial conditions from primary WT identities
The 10 identities (5.23)-(5.32) provide a set of recursion relations for An, ..., En, which are
somewhat complicated to solve for general n. However, their O(ζ0) parts provide equations
for As, Bs−1, Cs−1, Ds−2, and Es only:
0 = [K1(ν1)−K3(ν3)]As , (5.42)
0 = [K2(ν2)−K3(ν3)]As , (5.43)
0 = [K1(ν1)−K3(ν3)]Bs−1 + 2As , (5.44)
0 = [K2(ν2)−K3(ν3)]Bs−1 , (5.45)
0 = [K1(ν1)−K3(ν3)]Cs−1 , (5.46)
0 = [K2(ν2)−K3(ν3)]Cs−1 − 2As , (5.47)
0 = [K1(ν1)−K3(ν3)]Ds−2 + 2Cs−1 , (5.48)
0 = [K2(ν2)−K3(ν3)]Ds−2 − 2Bs−1 , (5.49)
0 = [K1(ν1)−K3(ν3)]Es + 2As , (5.50)
0 = [K2(ν2)−K3(ν3)]Es + 2As . (5.51)
Their general solutions consistent with the homogeneity conditions (5.12)-(5.16) can be
constructed in the same manner as the previous section as
As(p1, p2, p3) = CAJs+2(0,0,0)(p1, p2, p3) . (5.52)
Bs−1(p1, p2, p3) = CBJs(0,0,0)(p1, p2, p3) + CAJs+1(1,0,0)(p1, p2, p3) , (5.53)
Cs−1(p1, p2, p3) = CCJs(0,0,0)(p1, p2, p3)− CAJs+1(0,1,0)(p1, p2, p3) , (5.54)
Ds−2(p1, p2, p3) = CDJs−2(0,0,0)(p1, p2, p3)− CAJs(1,1,0)(p1, p2, p3)
− CBJs−1(0,1,0)(p1, p2, p3) + CCJs−1(1,0,0)(p1, p2, p3) , (5.55)
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Es(p1, p2, p3) = CEJs(0,0,0)(p1, p2, p3)− CAJs+1(0,0,1)(p1, p2, p3) (5.56)
with five free parameters CA, CB, CC , CD, and CE.
Recursion relations
Next we solve the other five primary WT identities (5.33)-(5.37), which provide the follow-
ing recursion relations:
0 = (Ξ + n)An+1 − (−s+ n)(∆3 − 1 + n)An + p
−2
3 θ3(Bn + Cn) , (5.57)
0 = (Ξ + 2 + n)Bn+1 − (−s+ 1 + n)(∆3 + n)Bn + p
−2
3 θ3Dn , (5.58)
0 = (Ξ + n)Cn+1 − (−s+ 1 + n)(∆3 + n)Cn + p
−2
3 θ3Dn , (5.59)
0 = (Ξ + 2 + n)Dn+1 − (−s+ 2 + n)(∆3 + 1 + n)Dn , (5.60)
0 = (Ξ + n)En+1 − (−s+ n)(∆3 − 1 + n)En + p
−2
3 θ3(Bn + Cn) . (5.61)
Their solutions are
An =
(Ξ + n)s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
As
+
s−1−n∑
t=0
(Ξ + n)t
(−s+ n)t+1(∆3 − 1 + n)t+1
p−23 θ3(Bn+t + Cn+t) , (5.62)
Bn =
(Ξ + n+ 2)s−1−n
(−s+ 1 + n)s−1−n(∆3 + n)s−1−n
Bs−1
+
s−2−n∑
t=0
(Ξ + n+ 2)t
(−s+ 1 + n)t+1(∆3 + n)t+1
p−23 θ3Dn+t , (5.63)
Cn =
(Ξ + n)s−1−n
(−s+ 1 + n)s−1−n(∆3 + n)s−1−n
Cs−1
+
s−2−n∑
t=0
(Ξ + n)t
(−s+ n+ 1)t+1(∆3 + n)t+1
p−23 θ3Dn+t , (5.64)
Dn =
(Ξ + n+ 2)s−2−n
(−s+ 2 + n)s−2−n(∆3 + 1 + n)s−2−n
Ds−2 , (5.65)
En =
(Ξ + n)s−n
(−s+ n)s−n(∆3 − 1 + n)s−n
Es
+
s−1−n∑
t=0
(Ξ + n)t
(−s+ n)t+1(∆3 − 1 + n)t+1
p−23 θ3(Bn+t + Cn+t) . (5.66)
Constraints from 1↔ 2 exchange symmetry
Before moving on to the secondary WT identities, let us consider implications from the
1↔ 2 exchange symmetry of the two conserved currents. The four conditions (5.8)-(5.11)
are now translated into the constraints on the five free parameters as
even s: CB = −CC , (5.67)
odd s: CB = CC , CA = CD = CE = 0 . (5.68)
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Therefore, there remain four free parameters for even spin s, whereas a single parameter
for odd spin s. Note that the full correlator is consistent with the exchange symmetry once
we impose its constraint on the initial conditions. It is because the WT identities used to
derive the recursion relations are compatible with the exchange symmetry.
Secondary WT identities
Finally, let us impose the secondary WT identities. As we mentioned, there remain two
independent secondary WT identities once we require the 1 ↔ 2 exchange symmetry. An
immediate observation is that three-point functions vanish for odd spin s because there exist
two constraints on a single parameter10. On the other hand, for even spin s, there are four
free parameters CA, CB = −CC , CD, and CE after imposing the exchange symmetry. The
secondary WT identities then provide two independent constraints on the four parameters,
leaving two free parameters afterwards. A general form of the two conditions is somewhat
complicated, but it is straightforward to derive these two in the same manner as the
previous section. For example, for a spinning operator with ∆3 =
11
2 , s = 2 in 5 dimension,
we find
CB = −
1
2
CA −
1
2
CE , CD =
291
128
CA +
611
192
CE . (5.69)
To summarize, we have provided an expression for three-point functions in terms of
triple-K integrals and differential operators. Just as the two scalar and one scalar cases,
we may use Eqs. (B.12), (B.15), and (B.17) to rewrite An, Bn, Cn, Dn, and En in terms of
triple-K integrals into a form similar to the expansion (3.18). The coefficients can be found
algebraically, e.g., with the help of computer software, even though we leave derivation of
a closed form for general cases for future work. Also, we have not explicitly shown that
our expression for the full correlator satisfies Eqs. (5.23)-(5.32) and (5.38)-(5.41). Since it
has the correct number of free parameters (known in position space [43]), it should satisfy
them automatically. We have checked that it is indeed the case for several examples,
leaving a general proof for future work. The same remark applies to correlators with two
energy-momentum tensors studied in Appendix D.
6 Summary and outlook
In this paper we constructed conformal three-point functions with a symmetric traceless
tensor and conserved currents in momentum space11. Reformulating the conformal WT
identities into the primary and secondary ones, we decomposed our problem into the fol-
lowing two steps: We first used the primary WT identities to derive recursion relations
among functional coefficients in the tensor decomposition and determine the initial condi-
tions. This step specifies three-point functions up to several free parameters. We then used
10To be precise, we need to check that the two secondary WT identities provide nontrivial conditions
on CB. However, it is easy to show that it is indeed the case and thus CA = CB = CC = CD = CE = 0 is
required for odd spin s by the exchange symmetry and the secondary WT identities.
11 Our strategy will be applicable to correlators with an antisymmetric tensor or a more general tensor
with mixed symmetry by introducing Grassmann odd polarization vectors, which we leave for future work.
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the secondary WT identities to provide constraints on these parameters. Our expression
is based on triple-K integrals and a differential operator which relates triple-K integrals
with different indices. For correlators with no or one conserved current, we found explicit
forms without the differential operator based on the expansion by triple-K integrals.
We would like to conclude the paper with several future directions. First, our present
work will be useful for the study of four and higher point functions with conserved currents.
In [46], based on symmetries and analyticity, a crossing symmetric basis of scalar four-
point functions with a general intermediate operator was constructed. There, three-point
functions of two scalars and a general tensor was useful because general tensors appear
as intermediate states. It would be interesting to extend the construction to four-point
functions with conserved currents. We expect that such a direction will be useful, e.g., for
the Polyakov type bootstrap approach [47–51]. Another promising direction is cosmological
applications. In [19], in the same spirit as [46], a basis of de Sitter four-point functions
of a massless scalar was constructed and its cosmological implication was discussed. It
would be interesting to construct a similar basis for primordial graviton non-Gaussianities
extending our present work. We hope to report our progress in these directions elsewhere.
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A Properties of the differential operators Ks and Kǫi
We summarize properties of the differential operatorsKs andKǫi appearing in the special
conformal WT identity (2.4).
A.1 Rewriting Ks
Let us first consider b ·Ks acting on the following function with free parameters α and β:
F =
s−β∑
n=0
1
n!
ξnζs−β−nfn(p1, p2, p3) , (A.1)
where ξ = ǫ3 · p2 and ζ = ǫ3 · (p1 + p2) with the null helicity vector ǫ3, and the function
fn is homogeneous of degree ∆t − 2d− s+ α,
fn(λp1, λp2, λp3) = λ
∆t−2d−s+αfn(p1, p2, p3) . (A.2)
Recall that p3 should be understood as p3 = |p1+p2|. Let us rewrite (b ·Ks)F as a linear
combination of b · p1, b · p2, and b · ǫ3:
(b ·Ks)F = (b · p1)P
(α,β)
1 F + (b · p2)P
(α,β)
2 F + (b · ǫ3)R
(α,β)F , (A.3)
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where P
(α,β)
1 , P
(α,β)
2 , and R
(α,β) are differential operators given shortly. The equation
0 = (b ·Ks)F is then equivalent to
P
(α,β)
1 F = P
(α,β)
2 F = R
(α,β)F = 0 . (A.4)
In terms of the differential operators with respect to p1, p2, p3, ξ, and ζ, the coefficients
P
(α,β)
1 F and P
(α,β)
2 F are given by
P
(α,β)
1 F = [K1(ν1)−K3(ν3) + 2(α− β − ζ∂ζ)p
−2
3 θ3] F , (A.5)
P
(α,β)
2 F = [K2(ν2)−K3(ν3) + 2(α− β − ζ(∂ξ + ∂ζ))p
−2
3 θ3] F , (A.6)
where the differential operator Ki(νi) is defined by
Ki(νi) = p
−2
i θi(θi − 2νi) . (A.7)
On the other hand, R(α,β)F may be expressed with the new variable x = ξ/ζ as
R(α,β)F = 2x−1ζs−β−1
[
θx
(
θx +Ξ +
α
2
− 1
)
− x(θx + β − s)(θx +∆3 − 1 + α− β)
]
×
s−β∑
n=0
xn
n!
fn , (A.8)
where the differential operator Ξ is defined as
Ξ =
1
2
(
∆1 −∆2 +∆3 − s− θ1 + θ2 −
p21 − p
2
2
p23
θ3
)
. (A.9)
Note that when deriving these formulae, we used the homogeneity condition,
(θ1 + θ2 + θ3)fn = (∆t − 2d− s+ α)fn . (A.10)
It is also convenient to rewrite the expression (A.8) as
R(α,β)F = 2ζs−β−1
s−β∑
n=0
xn
n!
[
(Ξ + α2 + n)fn+1 − (β − s+ n)(∆3 − 1 + α− β + n)fn
]
(A.11)
with fs−β+1 = 0. We use it to derive recursion relations among fn.
A.2 Formulae for Ks +Kǫi
In the special conformal WT identity for correlators with conserved currents, the differential
operator b · Ks + b · Kǫi acts on the projectors (πi)µν and (Πi)µνρσ . To massage the
complicated identities, it is convenient to find identities about the commutation relation
of b ·Ks + b ·Kǫi and the projectors.
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Let us first consider correlators with a spin 1 conserved current with momentum pi.
The correlator has the tensor structure (ǫi ·πi)µX
µ, where Xµ is an arbitrary vector func-
tion without ǫi dependence. We also used the shorthand notation (ǫi · πi)µ = (ǫi)
ν(πi)νµ.
Then, the action of b ·Ks + b ·Kǫi reads
(b ·Ks + b ·Kǫi)(ǫi · πi)µX
µ
= (ǫi · πi)µ(b ·Ks)X
µ
+ 2 (ǫi · πi · ∂i) (b ·X)− 2(b · πi · ǫi)(∂i ·X) +
2(d− 2)
p2i
(b · πi · ǫi)(p2 ·X) , (A.12)
where ∂i = ∂/∂pi.
Next we turn to correlators with the energy-momentum tensor. The correlator has the
tensor structure (ǫ2i ·Πi)µνX
µν , where Xµν is an arbitrary tensorial function without ǫi
dependence. Also we used the notation (ǫ2i ·Πi)µν = (ǫi)
ρ(ǫi)
σ(Πi)ρσµν . We then find
(b ·Ks + b ·Kǫi)(ǫ
2
i ·Πi)µνX
µν
= (ǫ2i ·Πi)µν(b ·Ks)X
µν
+ 2
[
(ǫ2i ·Πi · ∂i)µbν − (ǫ
2
i ·Πi · b)µ(∂i)ν + d(ǫ
2
i ·Πi · b)µ(pi)ν
]
(Xµν +Xνµ) , (A.13)
where (∂i)ν = ∂/∂(pi)
ν and (ǫ2i ·Πi · a)µ = (ǫi)
ρ(ǫi)
σ(Πi)ρσνµa
ν .
Here let us recall that the conservation law is compatible with conformal symmetry
only when ∆ = d− 2+ s without anomalous dimension. Indeed, we have used this relation
to derive Eqs. (A.12) and (A.13), where the helicity vector ǫi is coupled to projectors on
both sides consistently.
B Triple-K integrals
In this appendix we summarize various properties of triple-K integrals.
B.1 Definition
Let us begin with the special conformal WT identities,
0 = [K1(ν1)−K3(ν3)] F (p1, p2, p3) , (B.1)
0 = [K2(ν2)−K3(ν3)] F (p1, p2, p3) , (B.2)
and the dilatation WT identity,
F (λp1, λp2, λp3) = λ
∆t−2dF (p1, p2, p3) , (B.3)
of scalar three-point functions, where Ki(νi) = p
−2
i θi(θi − 2νi). If we require that there is
no singularity in the domain pi > 0, their solution can uniquely be determined up to an
overall constant as [31]
F (p1, p2, p3) =
∫ ∞
0
dz
z
z∆t−2d
3∏
i=1
(piz)
νiKνi(piz) . (B.4)
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Here Kν(x) is the modified Bessel function of the second kind, which we call the Bessel K
function. It is defined by a hypergeometric series12,
Kν(x) =
π
2 sin(πν)
[I−ν(x)− Iν(x)] with Iν(x) =
∞∑
j=0
1
j!Γ(ν + j + 1)
(x
2
)ν+2j
, (B.5)
and satisfies Bessel’s equation, (
θ2x − ν
2
)
Kν(x) = x
2Kν(x) . (B.6)
Note that the integral (B.4) is convergent only when |Re ν1|+ |Re ν2| + |Re ν3| <
d
2 . Oth-
erwise, there appears a singularity near z = 0 and we need to perform analytic continua-
tion [32, 33], which may be carried out, e.g., by introducing the Pochhammer contour.
To construct three-point functions with tensors, it is convenient to generalize the in-
tegral (B.4) to the following triple-K integral with indices N and ki (i = 1, 2, 3):
JN{k1,k2,k3}(p1, p2, p3) =
∫ ∞
0
dz
z
z2d−∆t−kt+N
3∏
i=1
(piz)
νi+ki Kνi+ki(piz) , (B.7)
where kt = k1 + k2 + k3. It satisfies the differential equations,
0 = [K1(ν1 + k1)−K3(ν3 + k3)] JN{k1,k2,k3}(p1, p2, p3) , (B.8)
0 = [K2(ν2 + k2)−K3(ν3 + k3)] JN{k1,k2,k3}(p1, p2, p3) , (B.9)
and the homogeneity conditions,
JN{k1,k2,k3}(λp1, λp2, λp3) = λ
∆t+kt−N−2dJN{k1,k2,k3}(p1, p2, p3) . (B.10)
B.2 Differential operators acting on triple-K integrals
We then demonstrate how various differential operators act on triple-K integrals, which is
useful when we solve the WT identities in the main text. The origin of all the formulae
below is the following action of the Euler operator on the Bessel K function:
θx
(
xνKν(x)
)
= −x2
(
xν−1Kν−1(x)
)
= 2νxνKν(x)− x
ν+1Kν+1(x) . (B.11)
This can be translated into
θ1JN{k1,k2,k3} = −p
2
1JN+1{k1−1,k2,k3} = 2(ν1 + k1)JN{k1,k2,k3} − JN+1{k1+1,k2,k3} . (B.12)
Here and in what follows we occasionally omit explicit indication of momentum dependence.
It then follows that
K1(ν1)JN{k1,k2,k3} = −2k1JN+1{k1−1,k2,k3} + JN+2{k1,k2,k3} . (B.13)
12The Bessel K function Kn(x) with an integer index n is defined by the limit Kn(x) = lim
ǫ→0
Kn+ǫ(x).
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Similar relations hold for θ2,3 and K2,3. Combining Eq. (B.12) with the homogeneity
condition of the triple-K integral,
(θ1 + θ2 + θ3)JN{k1,k2,k3}(p1, p2, p3) = λ
d
dλ
JN{k1,k2,k3}(λp1, λp2, λp3)
∣∣∣
λ=1
= (∆t + kt −N − 2d)JN{k1,k2,k3}(p1, p2, p3) , (B.14)
we also find identities among the nearest neighbors,
(∆t + kt +N − d)JN{k1,k2,k3}
= JN+1{k1+1,k2,k3} + JN+1{k1,k2+1,k3} + JN+1{k1,k2,k3+1} (B.15)
and
(∆t + kt −N − 2d)JN{k1,k2,k3}
= −p21JN+1{k1−1,k2,k3} − p
2
2JN+1{k1,k2−1,k3} − p
2
3JN+1{k1,k2,k3−1} . (B.16)
Finally, we provide the action of the differential operator Ξ given in Eq. (3.11) on triple-K
integrals:
(Ξ + a)JN{k1,k2,k3}
=
(
−ν1 + ν2 +∆3 − s
2
− k1 + k2 + a
)
JN{k1,k2,k3}
− (ν1 + k1 + 1)JN{k1+1,k2,k3−1} + (ν2 + k2 + 1)JN{k1,k2+1,k3−1}
+
JN+1{k1+1,k2,k3} + JN+1{k1+2,k2,k3−1} − JN+1{k1,k2+1,k3} − JN+1{k1,k2+2,k3−1}
2
=
(
−∆1 +∆2 +∆3 − s
2
− k1 + k2 + a
)
(∆t + kt +N − d− 2)JN−1{k1,k2,k3−1}
+
k1 − k2 + k3 +N + s− 2− 2a
2
JN{k1+1,k2,k3−1}
+
k1 − k2 − k3 −N + s− 2∆3 + 2− 2a
2
JN{k1,k2+1,k3−1} , (B.17)
where we used Eq. (B.15) at the second equality.
B.3 Zero-momentum limit
When solving the secondary WT identities in the main text, we use the zero-momentum
limit, p3 → 0, of triple-K integrals. In this limit, triple-K integrals reduce to monomials
of p = p1 = p2. We write its coefficient as jN{k1,k2,k3}:
jN{k1,k2,k3} = p
−∆t−kt+2d+N lim
p3→0
JN{k1,k2,k3}
=
2
d
2
−1+NΓ
(
∆3 −
d
2 + k3
)
Γ (d−∆3 − k3 +N)
∏
u,v=±1
Γ
(
d−∆3 − k3 +N + u (ν1 + k1) + v (ν2 + k2)
2
)
.
(B.18)
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To derive this expression, we have used
lim
x→0
Kν(x) =
Γ(ν)2ν−1
xν
for ν✚∈Z and ν > 0 , (B.19)
and the formula [54],∫ ∞
0
dx x−λKµ(ax)Kν(bx) =
2−2−λa−ν+λ−1bν
Γ(1− λ)
∏
u,v=±1
Γ
(
1− λ+ uµ+ vν
2
)
× 2F1
(
1− λ+ µ+ ν
2
,
1− λ− µ+ ν
2
; 1− λ; 1−
b2
a2
)
, (B.20)
for Re (a+b) > 0 and Reλ < 1−|Reµ|−|Re ν|, Here 2F1(a, b; c;x) is Gauss’s hypergeometric
function,
2F1(a, b; c;x) =
∞∑
n=0
(a)n(b)n
(c)n
xn
n!
. (B.21)
C Another derivation of the closed form
In this appendix we provide another derivation of the closed form of three-point functions,
〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′, 〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′, and 〈ϕ(p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′.
C.1 Two scalars and one tensor
Let us begin with three-point functions 〈ϕ1(p1)ϕ2(p2)ǫ
s
3.O(p3)〉
′ of two scalars and one
tensor. Our starting point is the triple-K expansion,
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2{k1,k2,n−s} , (C.1)
of the coefficient function An (0 ≤ n ≤ s) given in Eq. (3.3). As we mentioned earlier, the
WT identities (3.7)-(3.8) can be rephrased in terms of the coefficients an{k1,k2} as
k1an{k1,k2} = 0 , k2an{k1,k2} = an+1{k1,k2−1} . (C.2)
In the main text we showed that the closed form (3.19) obtained algebraically indeed
satisfies Eq. (C.2). Instead, here we use these two conditions to determine an: The former
requires that the nonzero coefficients appear only at k1 = 0, whereas the latter implies
an{0,k} =
an+k{0,0}
k!
. (C.3)
Therefore, our task is now reduced to determining an{0,0}. We then use the recursion
relation (3.15), taking the form (C.25) with α = 0. In Appendix C.4 we solve Eq. (C.25)
for general α. Applying the general solution (C.29), we find
as−n{0,0} = CA
2n(1− s−∆1+∆2+∆32 )n(1 +
d−s−∆t
2 )n
n!(2−∆3 − s)n
, (C.4)
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where we used as{0,0} = CA. Combining with Eq. (C.3), we conclude that nonzero coeffi-
cients an are
13
as−n{0,k} = CA
2n−k(1− s−∆1+∆2+∆32 )n−k(1 +
d−s−∆t
2 )n−k
k!(n− k)!(2 −∆3 − s)n−k
(0 ≤ k ≤ n) . (C.5)
C.2 Single spin 1 conserved current
We next consider three-point functions, 〈ϕ(p1)ǫ2.J(p2)ǫ
s
3.O(p3)〉
′, with a spin 1 conserved
current. In this case we expand the coefficient functions in Eq. (4.4) as
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2+1{k1,k2,n−s} , (C.6)
Bn =
∑
k1,k2≥0
bn{k1,k2}Jn+k1+k2{k1,k2,n−s+1} . (C.7)
First, the primary WT identities (4.10)-(4.13) are rephrased as
k1an{k1,k2} = 0 , k2an{k1,k2} = an+1{k1,k2−1} , (C.8)
k1bn{k1,k2} = an+1{k1−1,k2} , k2bn{k1,k2} = bn+1{k1,k2−1} , (C.9)
which imply that nonzero coefficients are
an{0,k} =
bn−1+k{1,0}
k!
, bn{0,k} =
bn+k{0,0}
k!
, bn{1,k} =
bn+k{1,0}
k!
. (C.10)
Our task is now to determine bn{0,0} and bn{1,0}. For this purpose, we use the recursion rela-
tion (4.26), which is of the form (C.25) with α = 1. Applying the general solutions (C.29)-
(C.30), we find
bs−1−n{0,0} = CB
2n(12 +
∆1−∆2−∆3−s
2 )n(
3
2 +
d−s−∆t
2 )n
n!(2−∆3 − s)n
, (C.11)
bs−1−n{1,0} = CA
2n(32 +
∆1−∆2−∆3−s
2 )n(
1
2 +
d−s−∆t
2 )n
n!(2−∆3−s)n
− CB
2n−1(32 +
∆1−∆2−∆3−s
2 )n−1(
3
2 +
d−s−∆t
2 )n−1
(n− 1)!(2−∆3−s)n
, (C.12)
where we used bs−1{0,0} = CB and bs−1{1,0} = CA. All the other coefficients are obtained
by using Eq. (C.10).
C.3 Single energy-momentum tensor
Finally, let us consider three-point functions, 〈ϕ(p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′, with an energy-
momentum tensor. First, we expand the coefficient functions in Eqs. (4.41)-(4.43) as
An =
∑
k1,k2≥0
an{k1,k2}Jn+k1+k2+2{k1,k2,n−s} , (C.13)
Bn =
∑
k1,k2≥0
bn{k1,k2}Jn+k1+k2+1{k1,k2,n−s+1} , (C.14)
Cn =
∑
k1,k2≥0
cn{k1,k2}Jn+k1+k2{k1,k2,n−s+2} . (C.15)
13 In contrast to the approach presented in the main text, it is not manifest in this derivation if the full
correlator satisfies the WT identity (3.15), which has to be checked separately.
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Then, the primary WT identities (4.51)-(4.56) are rephrased as
k1an{k1,k2} = 0 , k2an{k1,k2} = an+1{k1,k2−1} , (C.16)
k1bn{k1,k2} = 2an+1{k1−1,k2} , k2bn{k1,k2} = bn+1{k1,k2−1} , (C.17)
k1cn{k1,k2} = bn+1{k1−1,k2} , k2cn{k1,k2} = cn+1{k1,k2−1} , (C.18)
which imply that nonzero coefficients are
cn{0,k} =
cn+k{0,0}
k!
, (C.19)
cn{1,k} = bn+1{0,k} =
cn+k{1,0}
k!
, (C.20)
cn{2,k} =
1
2
bn+1{1,k} = an+2{0,k} =
cn+k{2,0}
k!
. (C.21)
Our task is now to determine cn{0,0}, cn{1,0}, and cn{2,0}. For this purpose, we use the
recursion relation (4.73), taking the form (C.25) with α = 2. Applying the general solu-
tions (C.29)-(C.31), we find
cs−2−n{0,0} = CC
2n(∆1−∆2−∆3−s2 )n(2 +
d−s−∆t
2 )n
n!(2−∆3−s)n
, (C.22)
cs−2−n{1,0} = CB
2n(1 + ∆1−∆2−∆3−s2 )n(1 +
d−s−∆t
2 )n
n!(2−∆3−s)n
− CC
2n(1 + ∆1−∆2−∆3−s2 )n−1(2 +
d−s−∆t
2 )n−1
(n− 1)!(2−∆3−s)n
, (C.23)
cs−2−n{2,0} = CA
2n(2 + ∆1−∆2−∆3−s2 )n(
d−s−∆t
2 )n
n!(2−∆3−s)n
− CB
2n−1(2 + ∆1−∆2−∆3−s2 )n−1(1 +
d−s−∆t
2 )n−1
(n− 1)!(2−∆3−s)n
+ CC
2n−2(2 + ∆1−∆2−∆3−s2 )n−2(2 +
d−s−∆t
2 )n−2
(n− 2)!(2−∆3−s)n
, (C.24)
where we used cs−2{0,0} = CC , cs−2{1,0} = CB, and cs−2{2,0} = CA. All the other coefficients
are obtained by using Eqs. (C.16)-(C.18).
C.4 Useful formulae
In this section we encountered WT identities of the form,(
Ξ + n+
3
2
α
)
Fn+1 = (−s+ n+ α)(∆3 − 1 + n+ α)Fn , (C.25)
with Fn being a sum over triple-K functions given by
Fn =
∑
k1,k2≥0
fn{k1,k2}Jn+k1+k2{k1,k2,n−s+α} . (C.26)
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In particular, we are interested in its k2 = 0 sector. Using the formula (B.17), we find that
Eq. (C.25) implies
fs−α−n{k1,0}
= 2
(1− α2 + k1 +
∆1−∆2−∆3−s
2 + n−1)(1 +
α
2−k1 +
d−s−∆t
2 + n−1)
(1 + n−1)(2−∆3−s+ n−1)
fs−α−n+1{k1,0}
+
(k1 − 1− α)
(1 + n−1)(2−∆3−s+ n−1)
fs−α−n+1{k1−1,0} . (C.27)
It is convenient to note that its solution is generally given by
fs−α−n{k1,0}
=
2n(1− α2 + k1 +
∆1−∆2−∆3−s
2 )n(1 +
α
2−k1 +
d−s−∆t
2 )n
n!(2−∆3−s)n
fs−α{k1,0}
+ (k1−1−α)
n−1∑
m=0
(2− α2+k1+
∆1−∆2−∆3−s
2 +m)n−m−1(2+
α
2−k1+
d−s−∆t
2 +m)n−m−1
(1 +m)n−m(2−∆3−s+m)n−m
× 2n−m−1fs−α−m{k1−1,0} , (C.28)
where fs−α−m{k,0} = 0 for k < 0 in the last line. We can then derive concrete expressions
for fs−α−n{k1,0} recursively in k1. First, for k1 = 0 we have
fs−α−n{0,0} =
2n(1− α2 +
∆1−∆2−∆3−s
2 )n(1 +
α
2 +
d−s−∆t
2 )n
n!(2−∆3−s)n
fs−α{0,0} . (C.29)
Combining this with Eq. (C.28), we find
fs−α−n{1,0} =
2n(2− α2 +
∆1−∆2−∆3−s
2 )n(
α
2 +
d−s−∆t
2 )n
n!(2−∆3−s)n
fs−α{1,0}
− α
2n−1(2− α2 +
∆1−∆2−∆3−s
2 )n−1(1 +
α
2 +
d−s−∆t
2 )n−1
(n− 1)!(2−∆3−s)n
fs−α{0,0} , (C.30)
where we used (a+m)n−m(a)m = (a)n and
n−1∑
m=0
1
(a+m)(a+m+ 1)
=
n
a(a+ n)
. Similarly,
we arrive at
fs−α−n{2,0} =
2n(3− α2 +
∆1−∆2−∆3−s
2 )n(−1 +
α
2 +
d−s−∆t
2 )n
n!(2−∆3−s)n
fs−α{2,0}
− (α−1)
2n−1(3− α2 +
∆1−∆2−∆3−s
2 )n−1(
α
2 +
d−s−∆t
2 )n−1
(n− 1)!(2−∆3−s)n
fs−α{1,0}
+ α(α−1)
2n−3(3− α2 +
∆1−∆2−∆3−s
2 )n−2(1 +
α
2 +
d−s−∆t
2 )n−2
(n− 2)!(2−∆3−s)n
fs−α{0,0} ,
(C.31)
where we used
n−1∑
m=0
m
(a+m− 1)(a+m)(a+m+ 1)
=
n(n− 1)
2a(a+ n)(a+ n− 1)
.
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D Correlators with two energy-momentum tensors
This appendix summarizes the results for correlators with two energy-momentum tensors:
〈ǫ21.T (p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′ . (D.1)
The strategy is parallel to the two spin 1 conserved current case discussed in Sec. 5. First,
we perform tensor decomposition to write the correlator as a sum of 14 terms as
〈ǫ21.T (p1)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′
= (ǫ21 ·Π1 · p
2
2)(ǫ
2
2 ·Π2 · p
2
1)XA + (ǫ
2
1 ·Π1 · p2ǫ3)(ǫ
2
2 ·Π2 · p1ǫ3)XB
+ (ǫ21 ·Π1 · ǫ
2
3)(ǫ
2
2 ·Π2 · ǫ
2
3)XC + (ǫ
2
1 ·Π1 · p2)µ(ǫ
2
2 ·Π2 · p1)
µXD
+ (ǫ21 ·Π1 · ǫ3)µ(ǫ
2
2 ·Π2 · ǫ3)
µXE + (ǫ
2
1 ·Π1)µν(ǫ
2
2 ·Π2)
µνXF
+ (ǫ21 ·Π1 · p
2
2)(ǫ
2
2 ·Π2 · p1ǫ3)XG + (ǫ
2
1 ·Π1 · p2ǫ3)(ǫ
2
2 ·Π2 · p
2
1)YG
+ (ǫ21 ·Π1 · p
2
2)(ǫ
2
2 ·Π2 · ǫ
2
3)XH + (ǫ
2
1 ·Π1 · ǫ
2
3)(ǫ
2
2 ·Π2 · p
2
1)YH
+ (ǫ21 ·Π1 · p2ǫ3)(ǫ
2
2 ·Π2 · ǫ
2
3)XI + (ǫ
2
1 ·Π1 · ǫ
2
3)(ǫ
2
2 ·Π2 · p1ǫ3)YI
+ (ǫ21 ·Π1 · p2)µ(ǫ
2
2 ·Π2 · ǫ3)
µXJ + (ǫ
2
1 ·Π1 · ǫ3)µ(ǫ
2
2 ·Π2 · p1)
µYJ . (D.2)
Note that XC , XI and YI do not exist when s = 2 because we have only two ǫ3. We then
expand each term in ξ = ǫ · p2 and ζ = ǫ · (p1 + p2) as
XA =
s∑
n=0
1
n!
ξnζs−nAn , XB =
s−2∑
n=0
1
n!
ξnζs−nBn ,
XC =
s−4∑
n=0
1
n!
ξnζs−n−4Cn , XD =
s∑
n=0
1
n!
ξnζs−nDn ,
XE =
s−2∑
n=0
1
n!
ξnζs−n−2En , XF =
s∑
n=0
1
n!
ξnζs−nFn ,
XG =
s−1∑
n=0
1
n!
ξnζs−n−1Gn , YG =
s−1∑
n=0
1
n!
ξnζs−n−1G⋆n ,
XH =
s−2∑
n=0
1
n!
ξnζs−n−2Hn , YH =
s−2∑
n=0
1
n!
ξnζs−n−2H⋆n ,
XI =
s−3∑
n=0
1
n!
ξnζs−n−3In , YI =
s−3∑
n=0
1
n!
ξnζs−n−3I⋆n ,
XJ =
s−1∑
n=0
1
n!
ξnζs−n−1Jn , YJ =
s−1∑
n=0
1
n!
ξnζs−n−1J⋆n . (D.3)
Note that the exchange symmetry ǫ1, p1 ↔ ǫ2, p2 implies for example
As(p1, p2, p3) = (−1)
sAs(p2, p1, p3) , Bs−2(p1, p2, p3) = (−1)
s−2Bs−2(p2, p1, p3) ,
Cs−4(p1, p2, p3) = (−1)
s−4Cs−4(p2, p1, p3) , Ds(p1, p2, p3) = (−1)
sDs(p2, p1, p3) ,
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Es−2(p1, p2, p3) = (−1)
s−2Es−2(p2, p1, p3) , Fs(p1, p2, p3) = (−1)
sFs(p2, p1, p3) , (D.4)
Gs−1(p1, p2, p3) = (−1)
s−1G⋆s−1(p2, p1, p3) , Hs−2(p1, p2, p3) = (−1)
s−2H⋆s−2(p2, p1, p3) ,
Is−3(p1, p2, p3) = (−1)
s−3I⋆s−3(p2, p1, p3) , Js−1(p1, p2, p3) = (−1)
s−1J⋆s−1(p2, p1, p3) .
Based on this ansatz, we solve the special conformal WT identity,
0 = (b ·Ks + b ·Kǫ1 + b ·Kǫ2)〈ǫ
2
1.T (p2)ǫ
2
2.T (p2)ǫ
s
3.O(p3)〉
′ , (D.5)
as well as the dilatation WT identity, which yields the homogeneity conditions.
An(λp1, λp2, λp3) = λ
∆t−2d−s−4An(p1, p2, p3) ,
Bn(λp1, λp2, λp3) = λ
∆t−2d−sBn(p1, p2, p3) ,
Cn(λp1, λp2, λp3) = λ
∆t−2d−s+4Cn(p1, p2, p3) ,
Dn(λp1, λp2, λp3) = λ
∆t−2d−s−2Dn(p1, p2, p3) ,
En(λp1, λp2, λp3) = λ
∆t−2d−s+2En(p1, p2, p3) ,
Fn(λp1, λp2, λp3) = λ
∆t−2d−sFn(p1, p2, p3) ,
Gn(λp1, λp2, λp3) = λ
∆t−2d−s−2Gn(p1, p2, p3) , (D.6)
G∗n(λp1, λp2, λp3) = λ
∆t−2d−s−2G∗n(p1, p2, p3) ,
Hn(λp1, λp2, λp3) = λ
∆t−2d−sHn(p1, p2, p3) ,
H∗n(λp1, λp2, λp3) = λ
∆t−2d−sH∗n(p1, p2, p3) ,
In(λp1, λp2, λp3) = λ
∆t−2d−s+2In(p1, p2, p3) ,
I∗n(λp1, λp2, λp3) = λ
∆t−2d−s+2I∗n(p1, p2, p3) ,
Jn(λp1, λp2, λp3) = λ
∆t−2d−sJn(p1, p2, p3) ,
J∗n(λp1, λp2, λp3) = λ
∆t−2d−sJ∗n(p1, p2, p3) .
D.1 List of primary and secondary WT identities
The special conformal WT identities are decomposed into 42 primary WT identities and
16 secondary WT identities. First, 28 of the primary ones are associated to b ·p1 and b ·p2:
0 =
(
P
(−4,0)
1 + 8p
−2
3 θ3
)
XA , , 0 =
(
P
(−4,0)
2 + 8p
−2
3 θ3
)
XA ,
0 =
(
P
(0,2)
1 + 4p
−2
3 θ3
)
XB + 4∂ξYG , 0 =
(
P
(0,2)
2 + 4p
−2
3 θ3
)
XB − 4∂ξXG ,
0 = P
(4,4)
1 XC + 2∂ξYI 0 = P
(4,4)
2 XC − 2∂ξXI ,
0 =
(
P
(−2,0)
1 + 4p
−2
3 θ3
)
XD + 8XA , 0 =
(
P
(−2,0)
2 + 4p
−2
3 θ3
)
XD + 8XA ,
0 = P
(2,2)
1 XE + 2XB + 2∂ξYJ , 0 = P
(2,2)
2 XE + 2XB − 2∂ξXJ ,
0 = P
(0,0)
1 XF + 2XD , 0 = P
(0,0)
2 XF + 2XD ,
0 =
(
P
(−2,1)
1 + 6p
−2
3 θ3
)
XG + 4∂ξXA , 0 =
(
P
(−2,1)
2 + 6p
−2
3 θ3
)
XG , (D.7)
0 =
(
P
(−2,1)
1 + 6p
−2
3 θ3
)
YG , 0 =
(
P
(−2,1)
2 + 6p
−2
3 θ3
)
YG − 4∂ξXA ,
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0 =
(
P
(0,2)
1 + 4p
−2
3 θ3
)
XH + 2∂ξXG , 0 =
(
P
(0,2)
2 + 4p
−2
3 θ3
)
XH ,
0 =
(
P
(0,2)
1 + 4p
−2
3 θ3
)
YH , 0 =
(
P
(0,2)
2 + 4p
−2
3 θ3
)
YH − 2∂ξYG ,
0 =
(
P
(2,3)
1 + 2p
−2
3 θ3
)
XI + 2∂ξXB , 0 =
(
P
(2,3)
2 + 2p
−2
3 θ3
)
XI − 4∂ξXH ,
0 =
(
P
(2,3)
1 + 2p
−2
3 θ3
)
YI + 4∂ξYH , 0 =
(
P
(2,3)
2 + 2p
−2
3 θ3
)
YI − 2∂ξXB ,
0 =
(
P
(0,1)
1 + 2p
−2
3 θ3
)
XJ + 2∂ξXD + 4XG , 0 =
(
P
(0,1)
2 + 2p
−2
3 θ3
)
XJ + 4XG ,
0 =
(
P
(0,1)
1 + 2p
−2
3 θ3
)
YJ + 4YG , 0 =
(
P
(0,1)
2 + 2p
−2
3 θ3
)
YJ − 2∂ξXD + 4YG .
The other 14 are associated with b · ǫ3:
0 =
(
R(−4,0) + 4∂ξ + 8∂ζ
)
XA + 2p
−2
3 θ3(XG + YG) ,
0 =
(
R(0,2) + 4∂ξ + 8∂ζ
)
XB + 4p
−2
3 θ3(XI + YI) ,
0 =
(
R(4,4) + 4∂ξ + 8∂ζ
)
XC ,
0 =
(
R(−2,0) + 2∂ξ + 4∂ζ
)
XD + 4(XG + YG) + 2p
−2
3 θ3(XJ + YJ) ,
0 =
(
R(2,0) + 2∂ξ + 4∂ζ
)
XE + 4(XI + YI) ,
0 = R(0,0)XF + 2(XJ + YJ) ,
0 =
(
R(−2,1) + 6∂ξ + 8∂ζ
)
XG + 2p
−2
3 θ3XB + 4p
−2
3 θ3XH , (D.8)
0 =
(
R(−2,1) + 2∂ξ + 8∂ζ
)
YG + 2p
−2
3 θ3XB + 4p
−2
3 θ3YH ,
0 =
(
R(0,2) + 8∂ξ + 8∂ζ
)
XH + 2p
−2
3 θ3XI ,
0 =
(
R(0,2) + 8∂ζ
)
YH + 2p
−2
3 θ3YI ,
0 =
(
R(2,3) + 6∂ξ + 8∂ζ
)
XI + 4p
−2
3 θ3XC ,
0 =
(
R(2,3) + 2∂ξ + 8∂ζ
)
XI + 4p
−2
3 θ3XC ,
0 =
(
R(0,1) + 4∂ξ + 4∂ζ
)
XJ + 2XB + 2p
−2
3 θ3XE + 8XH ,
0 =
(
R(0,1) + 4∂ζ
)
YJ + 2XB + 2p
−2
3 θ3XE + 8YH .
To write down the secondary WT identities, it is convenient to introduce
Lˆ = −
p1 · p2
p21
θ1 + θ2 + θξ −∆2 + 1 + d+ d
p1 · p2
p21
, (D.9)
Sˆ =
ξ − ζ
p21
(d− θ1) +
ζ
p23
θ3 , (D.10)
sˆ =
1
p21
(d− θ1) , (D.11)
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which become simpler in the zero momentum limit p3 → 0, that is p1 = p2 = p and ζ = 0,
Lˆ = θ1 |p1→p + θ2 |p2→p + ξ∂ξ − d+ 1 ,
Sˆ = ξ sˆ =
ξ
p2
(d− θ1 |p1→p) , (D.12)
where we set ∆2 = d. Half of the 16 secondary WT identities are associated with (b ·Π1 ·
ǫ1)µν and of the form,
0 = 2LˆXA + sˆXD − SˆYG , (D.13)
0 = −SˆXB + ∂ξXD + 2LˆXG − 2YG + sˆXJ , (D.14)
0 = −XB + 2LˆXH − SˆXI + ∂ξXJ , (D.15)
0 = LˆXB + sˆXE − 4YH − 2SˆYI + ∂ξYJ , (D.16)
0 = −2SˆXC + ∂ξXE + LˆXI − 2YI , (D.17)
0 = LˆYG − 2SˆYH + sˆYJ , (D.18)
0 = LˆXD + 2sˆXF − SˆYJ , (D.19)
0 = −SˆXE + 2∂ξXF + LˆXJ − YJ . (D.20)
Note that the condition (D.18) does not exits for s = 2 because it requires 3 or more ǫ3.
The other 8 equations are associated with (b ·Π2 · ǫ2)µν , but they are equivalent to the
above 8 identities because of the 1↔ 2 exchange symmetry.
D.2 Solutions for even s
Similarly to the spin 1 current case in Sec. 5, it is easy to show that three-point functions
vanish when the tensor O has an odd spin s. We therefore focus on the even spin case.
Initial conditions
We solve the O(ζ0) terms of Eq. (D.7) to find the initial conditions:
As = CAJs+4{0,0,0} ,
Bs−2 = −4CAJs+2{1,1,0} + 2CGJs+1{0,0,1} + CBJs{0,0,0} ,
Cs−4 = CAJs{2,2,0} − CG
(
2Js−1{1,1,1} + Js−1{1,2,0} + Js−1{2,1,0}
)
−
(
CBJs−2{1,1,0} − CHJs−2{2,0,0} − CHJs−2{0,2,0}
)
+ CIJs−3{0,0,1} + CCJs−4{0,0,0} ,
Ds = −4CAJs+3{0,0,1} + CDJs+2{0,0,0} ,
Es−2 = 4CAJs+1{1,1,1} − CDJs{1,1,0} − 2CGJs{0,0,2} + (CJ − CB)Js−1{0,0,1} + CEJs−2{0,0,0} ,
Fs = 2CAJs+2{0,0,2} − CDJs+1{0,0,1} + CFJs{0,0,0} ,
Gs−1 = −G
⋆
s−1 = 2CAJs+3{1,0,0} + CGJs+2{0,0,0} ,
Hs−2 = H
⋆
s−2 = CAJs+2{2,0,0} + CGJs+1{1,0,0} + CHJs{0,0,0} ,
Is−3 = −I
⋆
s−3 = −2CAJs+1{2,1,0} + CG
(
2Js{1,0,1} + Js{2,0,0}
)
+ CBJs−1{1,0,0} − 2CHJs−1{0,1,0} + CIJs−2{0,0,0} ,
Js−1 = −J
⋆
s−1 = −4CAJs+2{1,0,1} + CDJs+1{1,0,0} − 2CGJs+1{0,0,1} + CJJs{0,0,0} . (D.21)
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Recursion relations
On the other hand, recursion relations follow from Eq. (D.8). For notational simplicity, we
introduce differential operators D(a,b,c) and D̂t(a,b,c) as
D(a,b,c) =
(Ξ + n+ a)s−n−b
(−s+ n+ b)s−n−b(∆3 − 1 + n+ c)s−n−b
, (D.22)
D̂t(a,b,c) =
(Ξ + n+ a)t
(−s+ n+ b)t+1(∆3 − 1 + n+ c)t+1
. (D.23)
Using this notation, the solutions for recursion relations are given by
An = D(0,0,0) +
s−1−n∑
t=0
D̂t(0,0,0)p
−2
3 θ3(Gn+t +G
⋆
n+t) ,
Bn = D(2,2,2)Bs−2 +
s−3−n∑
t=0
D̂t(2,2,2)p
−2
3 θ3(In+t + I
⋆
n+t) ,
Cn = D(2,4,4)Cs−4 ,
Dn = D(0,0,0)Ds +
s−1−n∑
t=0
D̂t(0,0,0)(2Gn+t + 2G
⋆
n+t + p
−2
3 θ3Jn+t + p
−2
3 θ3J
⋆
n+t) ,
En = D(2,2,2)Es−2 + 2
s−3−n∑
t=0
D̂t(2,2,2)(In+t + I
⋆
n+t) ,
Fn = D(0,0,0)Fs +
s−1−n∑
t=0
D̂t(0,0,0)p
−2
3 θ3(Jn+t + J
⋆
n+t) ,
Gn = D(2,1,1)Gs−1 +
s−2−n∑
t=0
D̂t(2,1,1)p
−2
3 θ3(Bn+t + 2Hn+t) ,
G⋆n = D(0,1,1)G
⋆
s−1 +
s−2−n∑
t=0
D̂t(0,1,1)p
−2
3 θ3(Bn+t + 2H
⋆
n+t) ,
Hn = D(4,2,2)Hs−2 +
s−3−n∑
t=0
D̂t(4,2,2)p
−2
3 θ3In+t ,
H⋆n = D(0,2,2)H
⋆
s−2 +
s−3−n∑
t=0
D̂t(0,2,2)p
−2
3 θ3I
⋆
n+t ,
In = D(4,3,3)Is−2 + 2
s−4−n∑
t=0
D̂t(4,3,3)p
−2
3 θ3Cn+t ,
I⋆n = D(2,3,3)I
⋆
s−2 + 2
s−4−n∑
t=0
D̂t(2,3,3)p
−2
3 θ3Cn+t ,
Jn = D(2,1,1)Js−1 +
s−2−n∑
t=0
D̂t(2,1,1)(Bn+t + p
−2
3 θ3En+t + 4Hn+t) ,
J⋆n = D(0,1,1)Bs−1 +
s−2−n∑
t=0
D̂t(0,1,1)(Bn+t + p
−2
3 θ3En+t + 4H
⋆
n+t) . (D.24)
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Secondary WT identities
So far we have 10 free parameters CA, . . . , CJ . While there are 8 secondary WT identities,
it turns out that there is one degeneracy among them when applied to the solutions for
the primary WT identities. As a result, we are left with 3 free parameters for s ≥ 4. As
we mentioned, the operators XC , XI and YI , and the secondary WT identity (D.18) do
not exist for s = 2, while there still exists one degeneracy. Correspondingly, there remain
2 free parameters for s = 2.
References
[1] J. D. Qualls, Lectures on Conformal Field Theory, 1511.04074.
[2] S. Rychkov, EPFL Lectures on Conformal Field Theory in D≥3 Dimensions, 1601.05000.
[3] D. Simmons-Duffin, The Conformal Bootstrap, 1602.07982.
[4] J. Penedones, TASI lectures on AdS/CFT, 1608.04948.
[5] J. M. Maldacena, Non-Gaussian features of primordial fluctuations in single field
inflationary models, JHEP 05 (2003) 013 [astro-ph/0210603].
[6] I. Antoniadis, P. O. Mazur and E. Mottola, Conformal Invariance, Dark Energy, and CMB
Non-Gaussianity, JCAP 1209 (2012) 024 [1103.4164].
[7] J. M. Maldacena and G. L. Pimentel, On graviton non-Gaussianities during inflation, JHEP
09 (2011) 045 [1104.2846].
[8] P. Creminelli, J. Noren˜a and M. Simonovic´, Conformal consistency relations for single-field
inflation, JCAP 1207 (2012) 052 [1203.4595].
[9] K. Schalm, G. Shiu and T. van der Aalst, Consistency condition for inflation from (broken)
conformal symmetry, JCAP 1303 (2013) 005 [1211.2157].
[10] I. Mata, S. Raju and S. Trivedi, CMB from CFT, JHEP 07 (2013) 015 [1211.5482].
[11] P. McFadden, On the power spectrum of inflationary cosmologies dual to a deformed CFT,
JHEP 10 (2013) 071 [1308.0331].
[12] A. Ghosh, N. Kundu, S. Raju and S. P. Trivedi, Conformal Invariance and the Four Point
Scalar Correlator in Slow-Roll Inflation, JHEP 07 (2014) 011 [1401.1426].
[13] A. Bzowski, P. McFadden and K. Skenderis, Holography for inflation using conformal
perturbation theory, JHEP 04 (2013) 047 [1211.4550].
[14] N. Kundu, A. Shukla and S. P. Trivedi, Constraints from Conformal Symmetry on the Three
Point Scalar Correlator in Inflation, JHEP 04 (2015) 061 [1410.2606].
[15] N. Arkani-Hamed and J. Maldacena, Cosmological Collider Physics, 1503.08043.
[16] N. Kundu, A. Shukla and S. P. Trivedi, Ward Identities for Scale and Special Conformal
Transformations in Inflation, JHEP 01 (2016) 046 [1507.06017].
[17] A. Shukla, S. P. Trivedi and V. Vishal, Symmetry constraints in inflation, α-vacua, and the
three point function, JHEP 12 (2016) 102 [1607.08636].
[18] H. Isono, T. Noumi, G. Shiu, S. S. C. Wong and S. Zhou, Holographic non-Gaussianities in
general single-field inflation, JHEP 12 (2016) 028 [1610.01258].
– 37 –
[19] N. Arkani-Hamed, D. Baumann, H. Lee and G. L. Pimentel, The Cosmological Bootstrap:
Inflationary Correlators from Symmetries and Singularities, 1811.00024.
[20] G. Goon, K. Hinterbichler, A. Joyce and M. Trodden, Shapes of gravity: Tensor
non-Gaussianity and massive spin-2 fields, 1812.07571.
[21] D. Chowdhury, S. Raju, S. Sachdev, A. Singh and P. Strack, Multipoint correlators of
conformal field theories: implications for quantum critical transport, Phys. Rev. B87 (2013),
no. 8, 085138 [1210.5247].
[22] Y. Huh, P. Strack and S. Sachdev, Conserved current correlators of conformal field theories
in 2+1 dimensions, Phys. Rev. B88 (2013) 155109 [1307.6863], [Erratum: Phys.
Rev.B90,no.19,199902(2014)].
[23] V. P. J. Jacobs, P. Betzios, U. Gursoy and H. T. C. Stoof, Electromagnetic response of
interacting Weyl semimetals, Phys. Rev. B93 (2016), no. 19, 195104 [1512.04883].
[24] R. C. Myers, T. Sierens and W. Witczak-Krempa, A Holographic Model for Quantum
Critical Responses, JHEP 05 (2016) 073 [1602.05599], [Addendum: JHEP09,066(2016)].
[25] A. Lucas, S. Gazit, D. Podolsky and W. Witczak-Krempa, Dynamical response near quantum
critical points, Phys. Rev. Lett. 118 (2017), no. 5, 056601 [1608.02586].
[26] A. Lucas, T. Sierens and W. Witczak-Krempa, Quantum critical response: from conformal
perturbation theory to holography, JHEP 07 (2017) 149 [1704.05461].
[27] X. Chen and Y. Wang, Quasi-Single Field Inflation and Non-Gaussianities, JCAP 1004
(2010) 027 [0911.3380].
[28] D. Baumann and D. Green, Signatures of Supersymmetry from the Early Universe, Phys.
Rev. D85 (2012) 103520 [1109.0292].
[29] T. Noumi, M. Yamaguchi and D. Yokoyama, Effective field theory approach to quasi-single
field inflation and effects of heavy fields, JHEP 06 (2013) 051 [1211.1624].
[30] S. Ferrara, A. F. Grillo, R. Gatto and G. Parisi, Analyticity properties and asymptotic
expansions of conformal covariant green’s functions, Nuovo Cim. A19 (1974) 667–695.
[31] A. Bzowski, P. McFadden and K. Skenderis, Implications of conformal invariance in
momentum space, JHEP 03 (2014) 111 [1304.7760].
[32] A. Bzowski, P. McFadden and K. Skenderis, Scalar 3-point functions in CFT:
renormalisation, beta functions and anomalies, JHEP 03 (2016) 066 [1510.08442].
[33] A. Bzowski, P. McFadden and K. Skenderis, Evaluation of conformal integrals, JHEP 02
(2016) 068 [1511.02357].
[34] C. Coriano, L. Delle Rose and M. Serino, Three and Four Point Functions of Stress Energy
Tensors in D=3 for the Analysis of Cosmological Non-Gaussianities, JHEP 12 (2012) 090
[1210.0136].
[35] C. Coriano, L. Delle Rose, E. Mottola and M. Serino, Solving the Conformal Constraints for
Scalar Operators in Momentum Space and the Evaluation of Feynman’s Master Integrals,
JHEP 07 (2013) 011 [1304.6944].
[36] A. Bzowski, P. McFadden and K. Skenderis, Renormalised 3-point functions of stress tensors
and conserved currents in CFT, JHEP 11 (2018) 153 [1711.09105].
– 38 –
[37] C. Coriano` and M. M. Maglio, Exact Correlators from Conformal Ward Identities in
Momentum Space and the Perturbative TJJ Vertex, Nucl. Phys. B938 (2019) 440–522
[1802.07675].
[38] A. Bzowski, P. McFadden and K. Skenderis, Renormalised CFT 3-point functions of scalars,
currents and stress tensors, JHEP 11 (2018) 159 [1805.12100].
[39] M. Gillioz, Momentum-space conformal blocks on the light cone, JHEP 10 (2018) 125
[1807.07003].
[40] C. Coriano` and M. M. Maglio, The general 3-graviton vertex (TTT ) of conformal field
theories in momentum space in d = 4, Nucl. Phys. B937 (2018) 56–134 [1808.10221].
[41] J. A. Farrow, A. E. Lipstein and P. McFadden, Double copy structure of CFT correlators,
JHEP 02 (2019) 130 [1812.11129].
[42] E. Skvortsov, Light-Front Bootstrap for Chern-Simons Matter Theories, 1811.12333.
[43] M. S. Costa, J. Penedones, D. Poland and S. Rychkov, Spinning Conformal Correlators,
JHEP 11 (2011) 071 [1107.3554].
[44] G. M. Sotkov and R. P. Zaikov, Conformal Invariant Two Point and Three Point Functions
for Fields with Arbitrary Spin, Rept. Math. Phys. 12 (1977) 375.
[45] G. M. Sotkov and R. P. Zaikov, On the Structure of the Conformal Covariant N Point
Functions, Rept. Math. Phys. 19 (1984) 335.
[46] H. Isono, T. Noumi and G. Shiu, Momentum space approach to crossing symmetric CFT
correlators, JHEP 07 (2018) 136 [1805.11107].
[47] A. M. Polyakov, Nonhamiltonian approach to conformal quantum field theory, Zh. Eksp.
Teor. Fiz. 66 (1974) 23–42 [Sov. Phys. JETP39, 9 (1974)].
[48] K. Sen and A. Sinha, On critical exponents without Feynman diagrams, J. Phys. A49 (2016),
no. 44, 445401 [1510.07770].
[49] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, Conformal Bootstrap in Mellin Space,
Phys. Rev. Lett. 118 (2017), no. 8, 081601 [1609.00572].
[50] R. Gopakumar, A. Kaviraj, K. Sen and A. Sinha, A Mellin space approach to the conformal
bootstrap, JHEP 05 (2017) 027 [1611.08407].
[51] R. Gopakumar and A. Sinha, On the Polyakov-Mellin bootstrap, JHEP 12 (2018) 040
[1809.10975].
[52] V. Bargmann and I. T. Todorov, Spaces of Analytic Functions on a Complex Cone as Carries
for the Symmetric Tensor Representations of SO(N), J. Math. Phys. 18 (1977) 1141–1148.
[53] H. Osborn and A. C. Petkou, Implications of conformal invariance in field theories for
general dimensions, Annals Phys. 231 (1994) 311–362 [hep-th/9307010].
[54] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products, Seventh Edition,
Elsevier, Academic Press (2007).
– 39 –
